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Let F be a totally real number field and A/F an abelian variety with real multiplication by the ring of integers O of a
totally real field. Assuming A admits an O-linear 3-isogeny over F , we prove that a positive proportion of the quadratic
twists Ad have rank 0. If moreover A is principally polarized and X(Ad) is finite, then a positive proportion of Ad have
O-rank 1. Our proofs make use of the geometry-of-numbers methods from our previous work with Bhargava, Klagsbrun,
and Lemke Oliver, and develop them further in the case of real multiplication.
We quantify these results for A/Q of prime level, using Mazur’s study of the Eisenstein ideal. For example, suppose
p ≡ 10 or 19 (mod 27), and let A be the unique optimal quotient of J0(p) with a rational point P of order 3. We prove
that at least 25% of twists Ad have rank 0 and the average O-rank of Ad(F ) is at most 7/6. Using the presence of two
different 3-isogenies in this case, we also prove that roughly 1/8 of twists of the quotient A/〈P 〉 have non-trivial
3-torsion in their Tate-Shafarevich groups.

1 Introduction

As part of his study of the modular Jacobians, Mazur showed that there are geometrically simple abelian varieties
A/Q of arbitrarily large dimension having finite Mordell-Weil group Mazur [1977]. The existence of such abelian
varieties also follows from combining results of Gross-Zagier, Kolyvagin-Logachev, and Bump-Friedberg-Hoffstein
Bump et al. [1990], Gross and Zagier [1986], Kolyvagin and Logachëv [1989]. These examples are obtained by
considering quadratic twists of simple quotients of the modular Jacobian J0(N).

Of course, one expects more than the mere existence of such abelian varieties. Presumably, a significant proportion
of abelian varieties should have rank 0. Unfortunately, it is hard to prove quantitative results in this direction.
Indeed, it was only recently that Bhargava and Shankar proved that a positive proportion of elliptic curves over
Q have rank 0 Bhargava and Shankar [2015]. Geometry-of-numbers methods have since been deployed to study
various algebraic families of abelian varieties of higher dimension Bhargava and Gross [2013], Bhargava et al.
[2017], Bhargava et al., Poonen and Stoll [2014], Shankar [2019], leading us to ask:
Question 1. Is there a non-trivial, algebraic family of abelian varieties of dimension g > 1 over Q for which a
positive proportion of members are geometrically simple and have rank 0?

In this article, we provide a large class of such families. Our examples are quadratic twist families of quotients
of J0(N), and the proof is via 3-Selmer groups and the geometry of numbers. Our method gives a lower bound
on the proportion of rank 0 twists that is, in principle, explicit. For example, for certain optimal quotients of
J0(p), we show that at least 25% of twists have rank 0; see Theorem 1.5 below.

We remark that the recent methods of Kriz-Li Kriz and Li [2019] could also be used to give affirmative answers
to Question 1. Their approach uses congruences of modular forms, and originates in work of Vatsal Vatsal [1999]
and ultimately Mazur himself Mazur [1979].
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1.1 Real multiplication

To make our results more precise, let F be a number field, and A an abelian variety over F of dimension g. Let
K be a totally real number field of degree g over Q, and let O be a subring of finite index in the ring of integers
OK . We say A has real multiplication (RM) by O if there is an embedding ι : O ↪→ EndF (A).

Any elliptic curve has RM by Z. But among abelian varieties of dimension greater than 1, those with RM are
quite special. First of all, they lie on proper closed subvarieties (Hilbert modular varieties) of the moduli space
of polarized abelian varieties. More importantly, their arithmetic parallels the arithmetic of elliptic curves, in
certain respects. For example, if F = Q, then it follows from results of Khare-Wintenberger and Ribet Khare
and Wintenberger [2009], Ribet [1992] that A is a quotient of a modular Jacobian J0(N) for some N .

We will consider abelian varieties A with RM by O and with an additional bit of level structure. We say A
admits an O-linear 3-isogeny if there is another abelian variety B with RM by O, and an O-equivariant 3-isogeny
φ : A→ B over F . The kernel of φ is then an O-module scheme which is annihilated by an ideal I of index 3 in
O. We call I the kernel ideal of φ.∗

1.2 General results

For each d ∈ F×/F×2, we write Ad for the twist of A by the character χd : Gal(F̄ /F ) → {±1} corresponding
to the extension F (

√
d)/F . There is a height function on F×/F×2, given by

H(d) =
∏

p : ordp(d) odd

N(p),

the product being over finite places p of F . This gives an ordering of the quadratic twist family and allows us
to define the average of a function f : F×/F×2 → R, as follows

avgdf(d) = lim
X→∞

∑
H(d)<X f(d)∑
H(d)<X 1

.

Similarly, when we say a positive proportion of twists Ad satisfy a certain property, we mean with respect to
the height function H on d ∈ F×/F×2.

Our first result answers Question 1 affirmatively, and provides a large class of examples.
Theorem 1.1. Let F be a totally real number field, and let A be an abelian variety over F with RM by
O. Suppose A admits an O-linear 3-isogeny whose kernel ideal I is an invertible O-module. Then a positive
proportion of twists Ad have rank 0.

In Theorem 1.5 and Section 7 we give examples of A satisfying the hypotheses of Theorem 1.1. For now, we
simply note that I is automatically invertible if 3 - [OK : O] or if I is principal.

Theorem 1.1 gives the first progress in dimension g > 1 towards the following extension of Goldfeld’s conjecture
Goldfeld [1979] for quadratic twists of elliptic curves over Q.
Conjecture 1.2. Let A/Q be a simple quotient of J0(N) of dimension g. Then 50% of twists Ad have rank 0,
and 50% of twists Ad have rank g.

Note that the rank of A(Q) is a multiple of g, since A(Q) is an O-module. On the analytic side, L(A, s) is the
product of g conjugate automorphic L-functions. Thus, Goldfeld’s minimalist philosophy and the conjecture of
Birch and Swinnerton-Dyer lead directly to Conjecture 1.2.

Our next result concerns the quadratic twists with rank equal to g, or in other words, the twists with O-rank
equal to 1. It is conditional on the finiteness of the Tate-Shafarevich group, but we prove an unconditional result
on the ranks of certain Selmer groups defined in Section 4.
Theorem 1.3. Let A and I be as in Theorem 1.1, and let π : A→ A/A[I] be the natural (3, 3)-isogeny.
Suppose A admits an O-linear polarization λ with 3 - deg(λ). Then a positive proportion of twists Ad satisfy
dimF3

Selπ(Ad) = 1. If X(Ad) is finite for all d, then for a positive proportion of Ad, the O-module Ad(F ) has
rank 1.

∗This terminology is used in Waterhouse [1969], but with a slightly different meaning.
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In the elliptic curve case g = 1, Theorems 1.1 and 1.3 were proven by Bhargava, Klagsbrun, Lemke Oliver, and
the author [Bhargava et al., Thm. 1.6]. And indeed, a key ingredient in the proofs of Theorem 1.1 and 1.3 is the
general result [Bhargava et al., Thm. 1.1], which determines the average size of the Selmer groups Selφd

(Ad),
where φd : Ad → A′d is the quadratic twist family of any 3-isogeny φ : A→ A′ of abelian varieties. The other
two main ingredients are an analysis of Selmer groups in ‘O-isogeny chains’ of RM abelian varieties, and a
collection of arithmetic duality theorems. These two ingredients reduce our task to controlling a single 3-isogeny,
as opposed to simultaneously controlling the average behavior of a chain of 3-isogenies. When F = Q, the result
on twists of O-rank 1 can presumably be made unconditional using the methods of Kriz-Li [Kriz and Li, 2019,
Thm. 7.1].

Our method also leads to the following explicit upper bound on the average rank of Ad(F ). This greatly improves
the bound implicitly given in Bhargava et al. for a general abelian variety A admitting an endomorphism which
factors into 3-isogenies.
Theorem 1.4. Let A be as in Theorem 1.1, and let φd : Ad → Bd be the corresponding family of O-linear 3-
isogenies. Then the averageO-rank of the quadratic twists Ad, for d ∈ F×/F×2, is at most avgd

(
t(φd) + 3−t(φd)

)
,

where t(φd) is the absolute log-Selmer ratio of φd.

The average here is computed with respect to the height function H(d) on F×/F×2. See Section 5 for the
definition of the absolute log-Selmer ratio. If dimA = 1, then this is [Bhargava et al., Thm. 1.4].

Theorem 1.4 is explicit in the sense that the stated upper bound can be easily computed if one knows the
Tamagawa ratios c`(Bd)/c`(Ad), for each prime ` and each twist d. With this data, one can also give an explicit
lower bound on the proportion of rank 0 (resp. π-Selmer rank 1) twists; see Theorems 5.4 and 5.5. Our next
result gives a class of abelian varieties A for which we obtain explicit and uniform bounds.

1.3 Optimal quotients of J0(p)

Let p ≥ 5 be a prime. Mazur’s Theorem 1 Mazur [1977] states that the torsion subgroup of J0(p) is cyclic of
order equal to the numerator of p−1

12 . Thus, if p ≡ 1 (mod 9), then J0(p) has a rational point of order 3. Recall
that an optimal quotient of J = J0(p) is an abelian variety of the form J/IfJ for some newform f on Γ0(p);
here If ⊂ T is the kernel of the map T→ C giving the action of the Hecke algebra on f . By a result of Emerton
[Emerton, 2003, Thm. B], at least one optimal quotient of J0(p) also has a point of order 3. If moreover p 6≡ 1
(mod 27), then this optimal quotient is unique.

We show that our general results apply to such optimal quotients, and we make explicit the bounds in Theorems
1.1, 1.3, and 1.4. The bounds turn out to be quite strong and are uniform in p:
Theorem 1.5. Suppose p ≡ 10 or 19 (mod 27). Let A/Q be the unique optimal quotient of J0(p) with a rational
point P of order 3 and let φ : A→ B = A/〈P 〉 be the natural 3-isogeny. Then

(a) the average O-rank of Ad(Q) is at most 7
6 ,

(b) at least 1
4 of twists Ad, have rank 0 and even absolute log-Selmer ratio,

(c) at least 5
12 of twists satisfy rkO Ad(Q) ≤ 1, and have odd absolute log-Selmer ratio, and

(d) at least 1
8

p
p+1 of twists satisfy dimF3

X(Bd)[3] ≥ 2.

If A admits a prime-to-3 polarization and if X(Ad) is finite, then rkOAd(Q) = 1 in (c).

The proof of Theorem 1.5 makes use of the rich arithmetic of J0(p) in several crucial ways. We first use the local
principality of the Eisenstein ideal Mazur [1977] to verify that the kernel ideal of φ is invertible. We then use a
result of Emerton Emerton [2003] to compute the ratio of the Tamagawa numbers cp(Ad) and cp(Bd). Finally,
the average rank bound in (a) comes from a descent along a different 3-isogeny ψ : A→ B′, whose kernel is the
image of the 3-part of the Shimura subgroup Σ ⊂ J0(p). The rank bound from φ is (on average) worse than the
rank bound from ψ, which allows us to prove (d).

We emphasize that it is somewhat surprising that the bounds in Theorem 1.5 are uniform in p. Indeed, thinking
locally at p, there are (a priori) several possibilities for the Tamagawa ratios cp(B)/cp(A) and cp(B

′)/cp(A).
But it turns out that the global arithmetic of the prime level modular Jacobian forces both of these ratios to
equal 1/3. Our methods extend to squarefree level, whenever one can verify the invertibility of the kernel ideal.
But since the global arithmetic is less constrained in composite levels, any general result using our approach
will necessarily be less clean. We also note that the uniformity in prime level cannot be observed by restricting
to elliptic curves, since A in Theorem 1.5 is an elliptic curve if and only if p = 19 or p = 37.
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Finally, we remark that Theorem 1.5(d) gives the first known examples of geometrically simple abelian varieties
over Q of dimension g > 1 with a positive proportion of quadratic twists having non-trivial elements in X. In
Bhargava et al. [2019], the author, Bhargava, Klagsbrun, and Lemke Oliver give examples of this phenomenon
for certain higher dimensional abelian varieties over number fields, but not over Q.

1.4 Rational points on curves of genus g ≥ 2

Finally, Theorem 1.1 also has consequences for the study of rational points in quadratic twist families of
hyperelliptic curves C/F of genus g ≥ 2. These families have the (affine) model Cd : dy2 = f(x), with f a
polynomial of degree at least 5. For such families, it is natural to ask about the average size of Cd(F ), since
#Cd(F ) <∞. There are possibly ‘trivial’ rational points of the form (α, 0), where α is a root of f(x), but
Granville has conjectured that there are no other points, on average:
Conjecture 1.6 (Granville Granville [2007]). If C be a smooth hyperelliptic curve over Q of genus g ≥ 2, then
for 100% of d ∈ Q×/Q×2, the set Cd(Q) consists only of fixed points for the hyperelliptic involution.

Granville gave a conditional proof in many cases, assuming the abc-conjecture Granville [2007], but there seems
to be essentially no unconditional results towards this conjecture.† By considering curves with either a local
obstruction or a map to an elliptic curve, one can easily construct families of curves with a large proportion of
twists having no non-trivial points. So the most interesting case is when C has a rational Weierstrass point and
absolutely simple Jacobian.

Our final result gives partial progress towards Conjecture 1.6.
Theorem 1.7. Let F be a totally real field and C a hyperelliptic curve over F . Assume J = Jac(C) has RM
by O and admits an O-linear 3-isogeny whose kernel ideal is an invertible O-module. For a positive proportion
of d, Cd(F ) consists entirely of points fixed by the hyperelliptic involution.

Proof . By Theorem 1.1, we have Jd(F ) = Jd(F )tors for a positive proportion of d. As Galois-modules, we have
J(Cd)[n] ' J(C)[n]⊗ χd. Thus, J(Cd)(F ) = J(Cd)[2](F ) for all but finitely many of these d. If Cd(F ) is non-
empty, then Cd(F ) ↪→ Jd(F ) via the Abel-Jacobi map. Since the intersection J(Cd)[2](F ) ∩ Cd(F ) is the set of
points fixed by the hyperelliptic involution, the theorem follows.

In forthcoming work, Bruin, Flynn, and the author give an explicit parameterization of the universal hyperelliptic
curve with RM by Z[

√
3] and with (Z/3Z× µ3)-level structure. This gives a large class of geometrically simple

examples in genus 2 for which Theorem 1.7 applies, and one can make the proportion of twists in Theorem 1.7
explicit. In Section 7, we give some sporadic examples.

Theorem 1.7 therefore gives significant progress towards Conjecture 1.6 for many new curves. It would be
interesting to try to incorporate the recent work of Balakrishnan-Dogra on non-abelian Chabauty for curves
with RM Balakrishnan and Dogra [2019].

2 Abelian varieties with real multiplication

Let F be a number field. Also, let K be a totally real number field of degree g ≥ 1 over Q, and let O be a
subring of finite index in the ring of integers OK .

2.1 Real multiplication and isogenies

Definition 2.1. A g-dimensional abelian variety A over F has real multiplication by O if there is an algebra
embedding O ↪→ EndF (A).

Let A be an abelian variety with real multiplication (RM) by O, and fix O ↪→ EndF (A), so that we may think
of elements of O as endomorphisms of A. Our goal is to study the ranks of the quadratic twists Ad, for d
in F×/F×2. Recall that Ad is the twist of A by the character χd : GF → {±1} corresponding to F (

√
d); here

GF = Gal(F̄ /F ).
Lemma 2.2. The abelian variety Ad has RM by O, for all d ∈ F×/F×2. More precisely, the embedding
ι : O ↪→ EndF (A) induces an embedding ιd : O ↪→ EndF (Ad).

†For unconditional results in the family of all odd degree hyperelliptic curves, see the work of Poonen-Stoll Poonen and Stoll [2014].
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Proof . Since the automorphism −1 ∈ AutF (A) commutes with action of O ⊂ EndF (A), we see that the action
of O on A⊗F F (

√
d) ' Ad ⊗F F (

√
d) descends to Ad.

Since ι is fixed, we can safely consider α ∈ O as an endomorphism of A and as an endomorphism of Ad, without
any ambiguity.

In order to say something about the ranks of the twists Ad, we suppose from now on that A admits an O-linear
3-isogeny. In other words, we assume there exists an abelian variety B which also has RM by O over F and
a 3-isogeny φ : A→ B over F which is O-equivariant. The kernel A[φ] is an O-module scheme of order 3, and
hence is annihilated by an ideal I in O of index 3. We call I the kernel ideal of φ. We have A[φ] ⊂ A[I].
Lemma 2.3. If J ⊂ O is an invertible O-ideal of index p, for some prime p, then A[J ](F̄ ) ' (Z/pZ)2 as abelian
groups.

Proof . Since A[J ] ⊂ A[p], it is enough to show that A[J ] has order p2. The claim is true if J = (ε) is a principal
ideal. Indeed, since [K : Q] = dimA, we then have

#A[J ](F̄ ) = deg(ε) = Nm(ε)2 = p2,

by [Mumford, 1970, §19]. Since J is invertible, there is an integer k ≥ 1 such that Jk is principal, and the same
argument shows that #A[Jk](F̄ ) = p2k. The lemma now follows since #A[Jk](F̄ ) = #A[J ](F̄ )k.

By the Lemma, if I is invertible, then the natural quotient π : A→ A/A[I] is a (3, 3)-isogeny which factors
through φ : A→ B. Moreover, the quotient C := A/A[I] also has RM by O, and π : A→ C is O-linear.

Remark Conversely, if I ⊂ O is an invertible O-ideal of index 3, and if the (3, 3)-isogeny A→ A/A[I] factors
through a 3-isogeny φ : A→ B, then B has RM by O and φ is necessarily O-linear with kernel ideal I.

Let φ′ : B → C be the 3-isogeny over F such that π = φ′ ◦ φ. By Lemma 2.2, there are 3-isogenies φd : Ad → Bd
and φ′d : Bd → Cd, such that φ′d ◦ φd = πd ∈ Hom(Ad, Cd), for each d ∈ F×/F×2. Note that

Ad[φd] ' A[φ]⊗ χd and Bd[φ
′
d] ' B[φ′]⊗ χd (2.1)

as F3[GF ]-modules.

2.2 Polarizations and duality

A polarization is a homomorphism λ : A→ Â over F which, over F̄ , takes the form φL : AF̄ → ÂF̄ for some
ample line bundle L ∈ Pic(AF̄ ). If λ is an isomorphism, we call it a principal polarization.

In order to study the ranks of the twists Ad, we further impose:

Assumption Assume A admits an O-linear 3-isogeny φ : A→ B over F , and that

1. F is a totally real field.

2. The kernel ideal I of φ is an invertible O-module.

3. A admits an O-linear polarization λ : A→ Â over F of degree prime to 3.

These assumptions allow us to glean extra information on the group schemes A[π], A[φ] and B[φ′]. For some
of our results (e.g. Theorem 1.1) we will eventually be able to remove the assumption on the polarization via
Zarhin’s trick.
Proposition 2.4. The group scheme A[π] is self-dual.

Proof . Since I is an invertible O-module, there exists an ideal J of O which is coprime to 3 and such that
(α)I = (β)J , for α, β ∈ O. It follows that C = A/A[I] is also isomorphic to A/A[J ]. Since J is prime to 3, we
may fix an isogeny ψ : C → A of degree prime to 3 such that the composition ψ ◦ π lies in O ⊂ EndF (A). By
O-linearity of λ, the following diagram is commutative:

A C A

Â Ĉ Â

λ

π ψ

λ

ψ̂ π̂
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Since deg(λ) and deg(ψ̂) are prime to 3, the kernel A[π] maps isomorphically onto Ĉ[π̂], and hence A[π] is
self-dual.

Proposition 2.5. For any d ∈ F×/F×2, the group schemes Ad[φd] and Bd[φ′d] are Cartier dual.

Proof . We identify group schemes such as Ad[φd] and Bd[φ′d] with their corresponding F3[GF ]-modules. Note
that isomorphism classes of order 3 F3[GF ]-modules are in bijection with quadratic characters χ : GF → {±1}.
Moreover, the Cartier dual of H corresponds to the character χχ3, where χ3 is the character of µ3. Thus by
(2.1), we may reduce to the case d = 1 and drop subscripts.

Let χ and χ′ be the quadratic characters corresponding to A[φ] and B[φ′]. These are the Jordan-Holder factors
of A[π]. Since A[π] is self-dual, we have the equality of multi-sets

{χ, χ′} = {χχ3, χ
′χ3},

since the right hand side is the set of Jordan-Holder factors of the dual of A[π]. As F is totally real, we have
χ 6= χχ3, and so we must have χ = χ′χ3. Thus A[φ] and B[φ′] are Cartier dual.

Remark In fact, Proposition 2.5 holds over any F not containing
√
−3.

From the proof of the propositions, we obtain the following corollaries.
Corollary 2.6. There is an isogeny A→ Ĉ of degree prime to 3, which induces an isomorphism A[φ]→ Ĉ[φ̂′].
In particular, there is an isomorphism H1(GF , A[φ]) ' H1(GF , Ĉ[φ̂′]).
Corollary 2.7. The polarization λ induces an isogeny λB : B → B̂ of degree prime to 3.

Proof . Using the notation from the proof of Proposition 2.4, the composition ψ̂ ◦ λ, sends A[φ] isomorphically
onto Ĉ[φ̂′], and so the composition

B ' A/A[φ]→ Ĉ/Ĉ[φ̂′] ' B̂,

gives the desired isogeny.

Corollary 2.8. The isogeny λB : B → B̂ is equal to its own dual.

Proof . We give an alternate construction of λB . Let α = ψ ◦ π ∈ EndF (A). The O-linearity of λ exactly means
that α is fixed by the Rosati involution on EndF (A) associated to λ. Thus, the homomorphism λ ◦ α : A→ Â is
symmetric, i.e. equal to its own dual. It follows that over F̄ , we have λ ◦ α = φL for some line bundle L on AF̄ .

We claim that L is of the form φ∗M , for some line bundle M on BF̄ . Indeed, by the theory of descent of
line bundles on abelian varieties, it is enough to show that the (cyclic) group scheme A[φ] lies in the kernel of
λ ◦ α, which is of course true since A[φ] ⊂ A[π]. By degree considerations, it follows that the symmetric isogeny
φM : BF̄ → B̂F̄ has degree deg(λB). By construction, we have φM = φ̂−1λαφ−1. Since φ, α, and λ are all defined
over F , the map φM descends to a morphism B → B̂ over F , which is the isogeny λB defined earlier.

Remark The symmetric isogeny λB : B → B̂ is not necessarily a polarization, even if deg(λ) = 1 and I is
principal (in which case deg(λB) = 1). For example, if K = Q(

√
3) with π =

√
3, then λB is not a polarization.

On the other hand, if K = Q(
√

6) with π = 3 +
√

6, then λB is a (principal) polarization. The difference is that
3 +
√

6 is totally positive, while
√

3 is not. See [González et al., 2005, Thm. 2.10].

2.3 Isogeny chains

Let k ≥ 1 be the order of the class [I] in Pic(O). Then Ik = εO, for some ε ∈ O. We will also regard ε as an
endomorphism of A. If J is any O-ideal, then the quotient A/A[J ] has RM by O. We may therefore recursively
define

A1 = A and Ai = Ai−1/Ai−1[I] for i ≥ 2.

Note that C = A2 and
Ak+1 = A/A[Ik] = A/A[ε] ' A,

so that Ak+i ' Ai for all i ≥ 1.

For i ≥ 1, we define πi : Ai → Ai+1 to be the natural (3, 3)-isogeny with kernel Ai[I]. In particular, π1 = π and
ε = πkπk−1 · · ·π2π1 ∈ EndF (A). We also have πk+i = πi for all i ≥ 1.
Proposition 2.9. For each i ≥ 1, there exists an isogeny Ai → Ai+1 of degree prime to 3, which maps Ai[πi]
isomorphically onto Ai+1[πi+1].
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Proof . We may immediately reduce to the case i = 1, so that A2 = C. Since I is an invertible O-module, we may
choose an invertible O-ideal J which is prime to 3 and in the same ideal class of I in Pic(O). Then C ' A/A[J ]
and the quotients η : A→ C = A/A[J ] and η̃ : C → A3 ' C/C[J ] have degrees prime to 3. The commutativity
of the diagram

A/A[J ] ' C

A A/A[IJ ] ' A3

A/A[I] ' C

π2

π1

η

η̃

shows that η sends A[π] isomorphically onto C[π2], as desired.

Corollary 2.10. Each (3, 3)-isogeny πi : Ai → Ai+1 factors as a composition of 3-isogenies; hence the
endomorphism ε : A→ A factors as a composition of 3-isogenies.

Proof . Since A[πi] ' A[π], and A[π] is reducible as F3[GF ]-module, so is A[πi]. It follows that πi factors into a
pair of 3-isogenies.

Corollary 2.11. For each i ≥ 1, there are isomorphisms H1(GF , Ai[πi]) ' H1(GF , A[π]).

Finally, note that the results in this section apply equally well if we replace A and B by Ad and Bd (as well as
replacing the isogenies φ and φ′ by φd and φ′d), for any d ∈ F×/F×2.

3 Local Selmer ratios

3.1 Generalities

For the first part of this section, we let φ : A→ B be any isogeny of abelian varieties over a number field F .
We will recall the definitions of the local and global Selmer ratios attached to φ. One expects (and in certain
special cases, one can prove) that these numbers dictate the average behavior of the ranks of the Selmer group
Selφ(A), as φ : A→ B varies through an algebraic family of isogenies. Assume, for simplicity, that the degree of
φ is `n for some prime `. Eventually we will take ` = 3.

For each place p of F , write Fp for the completion at p. There is an induced homomorphism of groups
φ(p) : Ad(Fp)→ Bd(Fp), and the local Selmer ratio is defined to be

cp(φ) =
#cokerφ(p)

# kerφ(p)
, (3.1)

which lies in `Z.

We also define the global Selmer ratio c(φ) =
∏

p cp(φ), where the product is over all places of F , including the
archimedean ones. The following proposition and its corollary show that this is a finite product, and hence the
global Selmer ratio is well-defined [Schaefer, 1996, Lem. 3.8].
Proposition 3.1. If p is a finite place of F , then

cp(φ) =
cp(B)

cp(A)
· γφ,Fp ,

where cp(A) is the Tamagawa number of A at p, and γ−1
φ,Fp

is the normalized absolute value of the determinant
of the Jacobian matrix of partial derivatives of the map induced by φ on formal groups over Fp, evaluated at
the origin. In particular, γφ,Fp = `k for some integer k ≥ 0.
Corollary 3.2. If p is a finite place of F not above `, then cp(φ) = cp(B)/cp(A). Hence if A has good reduction
at p and ` - p, then cp(φ) = 1.

The local Selmer ratio at archimedean places of F is easy to compute:
Lemma 3.3. If p is an archimedean place of F and if ` 6= 2, then cp(φ) = #A[φ](Fp)−1.

Proof . In this case, coker(φ(Fp)) is both a 2-group and an `-group, so is trivial.
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We will need some formal properties of local and global Selmer ratios.
Lemma 3.4. Let p be a place of F and let φ : A→ B and ψ : B → C be isogenies of abelian varieties over Fp.
Then cp(ψφ) = cp(ψ)cp(φ).

Proof . [Milne, 2006, I.7.2].

Corollary 3.5. Let φ : A→ B and ψ : B → C be isogenies of abelian varieties over F . Then c(ψφ) =
c(ψ)c(φ).
Lemma 3.6. Suppose φ : A→ B and ψ : B → C are isogenies over Fp for some place p of F . Then γψφ,Fp =
γφ,Fp · γψ,Fp .

Proof . This follows from Lemma 3.4 and Proposition 3.1.

Lemma 3.7. Let O be the ring of integers in a totally real field, and suppose A has RM by O. Let α ∈ O be
an element of norm `n for some n. Suppose also that p is a place of F dividing `. Then γα,Fp = `n[Fp : Q`].

Proof . The case α ∈ Z is proved in [Schaefer, 1996, Prop. 3.9], and the case of general α is proved in exactly the
same way. Note that it is important here that α is an isogeny, which follows from the fact that the embedding
O ↪→ EndF (A) sends 1 to 1A.

3.2 RM isogeny chains

We return to the setup of the previous section, so that φ : A→ B is an O-linear 3-isogeny of abelian varieties with
RM by O over F . We also impose Assumption 2.2. Recall that I is the kernel ideal of φ and π : A→ C = A/A[I]
is the natural (3, 3)-isogeny. Also recall from Section 2.3 the endomorphism ε : A→ A as well as the chain of
(3, 3)-isogenies πi : Ai → Ai+1 for i ≥ 1.

Proposition 2.5 allows us to compute various local and global Selmer ratios in this setting.
Lemma 3.8. If p is an archimedean place of F , then cp(πi) = 1

3 , for all i.

Proof . It is enough to prove the statement for π1 = π. There are only two group schemes of rank 3 over R,
namely Z/3Z and µ3, and they are dual to each other. Thus, by Proposition 2.5, one of A[φ] and B[φ′] is
isomorphic to µ3 and the other is isomorphic to Z/3Z (over Fp). So A[π] is either an extension of µ3 by Z/3Z
or an extension of Z/3Z by µ3. In the former case, we clearly have #A[π](Fp) = 3, which shows that cp(π) = 1

3 ,
by Lemma 3.3. In the latter case, we have

0→ µ3 → A[π]→ Z/3Z→ 0

over Fp ' R. Since H1(Gal(R̄/R), µ3) ' R×/R×3 = 0, we see that #A[π](Fp) = 3, and we again have cp(π) =
1
3 .

Lemma 3.9. For each i ≥ 1 and every place p of F , we have cp(πi) = cp(π).

Proof . This follows from Proposition 2.9.

Proposition 3.10. We have c(π) = 1 and c(ε) = 1.

For the proof, we introduce some notation. For any isogeny f of abelian varieties over F , and for any place p of
Q, we define cp(f) =

∏
p|p cp(f), where the product is over the places of F over p.

Proof . The endomorphism ε : A→ A is an isogeny of degree 32k. By Proposition 3.1, we have cp(ε) = 1 for all
finite p - 3. Thus, by Lemmas 3.4, 3.6, 3.7, and 3.8, we have

c(ε) = c3(ε)c∞(ε) = 3k[F : Q]3−k[F : Q] = 1.

On the other hand, by Lemma 3.9, we have c(πi) = c(π) for all i. Thus,

1 = c(ε) =

k∏
i=i

c(πi) = c(π)k,

which shows that c(π) = 1, as claimed.



Abelian varieties with real multiplication 9

Remark For an alternate proof use Proposition 2.4 and Theorem 4.2 below.
Corollary 3.11. We have c(φ′) = c(φ)−1.

Proof . This follows from Corollary 3.5 and Proposition 3.10.

4 Poitou-Tate duality and parity of the π-Selmer rank

An isogeny ψ : A→ A′ of abelian varieties over a field F , gives rise to a short exact sequence

0→ A[ψ]→ A→ A′ → 0

of group schemes over F , which we will also view as a short exact sequence of GF -modules. Taking the long
exact sequence in group cohomology gives the Kummer map A′(F )→ H1(F,A[ψ]). If F is a number field, then
the ψ-Selmer group Selψ(A) is defined to be the subgroup of H1(F,A[ψ]) consisting of cohomology classes whose
restriction to H1(Fp, A[ψ]) lies in the image of the Kummer map A′(Fp)→ H1(Fp, A[ψ]), for all places p of F .

We now place ourselves in the context of the previous sections, so that A is an abelian variety over a totally real
field F satisfying Assumption 2.2. For each d ∈ F×/F×2 we have the 3-isogenies φd : Ad → Bd and φ′d : Bd → Cd,
whose composition is the (3, 3)-isogeny π : Ad → Cd; we purposely omit the subscript d from π because there
will be no ambiguity. Each of the Selmer groups Selφd

(Ad), Selφ′
d
(Bd) and Selπ(Ad) is a finite dimensional vector

space over F3.

For each twist Ad, we have also defined the isogeny chain πi : Ad,i → Ad,i+1 for i ≥ 1, with π = π1 and Ad,i = Ad.
Moreover the Selmer groups for the different πi are all isomorphic:
Proposition 4.1. For each i ≥ 1, we have Selπi

(Ad,i) ' Selπi+1
(Ad,i+1).

Proof . This is a tedious but simple diagram chase using the isogenies guaranteed by Proposition 2.9 and the
definition of the Selmer group. We note that these isomorphisms are not quite canonical, as they depend on the
choice of isomorphisms in Proposition 2.9.

The purpose of this section is to collect some results which show that the global Selmer ratio c(φd) encodes
important information concering the F3-ranks of these three Selmer groups. The key input is Poitou-Tate global
duality. In the case of elliptic curves, these results are due to Cassels Cassels [1965].
Theorem 4.2. For A and B as above, we have

c(φ) =
#Selφ(A)

#Selφ′(B)
· #B[φ′](F )

#A[φ](F )
.

Proof . For each place p of F , the subgroup of local conditions in H1(Fp, B[φ′]) defining Selφ′(B) is orthogonal
under local Tate duality to the local conditions in H1(Fp, Ĉ[φ̂′]) defining Selφ̂′(Ĉ), by [Česnavičius, 2017, Prop.
B.1]. Thus, by Wiles’ duality formula [Neukirch et al., 2008, Thm. 8.7.9], we have

c(φ̂′) =
#Selφ̂′(Ĉ)

#Selφ′(B)
· #B[φ′](F )

#Ĉ[φ̂′](F )
.

On the other hand, by Corollary 2.6, we have Selφ(A) ' Selφ̂′(Ĉ), c(φ) = c(φ̂′), and A[φ] ' Ĉ[φ̂′], from which
we deduce the desired formula.

The next result is presumably well-known to experts, but we could not find it in the literature. This is a
generalization of a result Cassels used to prove the non-degeneracy of the Cassels-Tate pairing for elliptic
curves. Recall that the Cassels-Tate pairing for B is a pairing [Milne, 2006, Prop. I.6.9]

〈 , 〉B : X(B)×X(B̂)→ Q/Z.

Using the isogeny λB : B → B̂ from Corollary 2.7, we construct a bilinear pairing

〈 , 〉λB
: X(B)×X(B)→ Q/Z

defined by 〈a, b〉λ = 〈a, λB(b)〉B .
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Theorem 4.3. Suppose b ∈X(B)[φ′]. Then b is in the image of φ : X(A)→X(B) if and only if 〈b, b′〉λB
= 0

for all b′ ∈X(B)[φ′].

Proof . This is proved exactly as in [Fisher, 2003, Thm. 3], using the fact that H1(GF , A[φ]) and H1(GF , B[φ′])
are in local duality by Corollary 2.6. See also the proof of [Milne, 2006, Lem. I.6.17].

Theorem 4.3 will be used in the proof of the following theorem.
Theorem 4.4. If c(φ) = 3m, then dimF3

Selπ(A) ≡ m (mod 2).

Proof . A diagram chase gives the following well-known five-term exact sequence

0→ B(F )[φ′]/φ(A(F )[π])→ Selφ(A)→ Selπ(A)→ Selφ′(B)→ X(B)[φ′]

φ(X(A)[π])
→ 0. (4.1)

Combining this with Theorem 4.2, we reduce to showing that

dimF3

X(B)[φ′]

φ(X(A)[π])

is even. But by Theorem 4.3, the Cassels-Tate pairing 〈 , 〉λB
on X(B) restricts to a non-degenerate pairing on

this finite group. Moreover, the pairing is anti-symmetric by [Poonen and Stoll, 1999, Cor. 6]; here we use that
A admits a prime-to-3 polarization. Since any anti-symmetric pairing on an F3-vector space is also alternating,
it follows from the non-degeneracy that X(B)[φ′]/φ(X(A)[π]) has even F3-rank, as desired.

Finally, we note that the theorems in this section apply equally well if we replace A and B by Ad and Bd (as
well as replacing the isogenies φ and φ′ by φd and φ′d) for any d ∈ F×/F×2.

5 Ranks of the quadratic twists Ad

We again place ourselves in the setting of Section 2 and Assumption 2.2. Recall the height function on
d ∈ F×/F×2 from the introduction:

H(d) =
∏

p : ordp(d) is odd
N(p),

where the product is over the finite primes of F . Having already defined the average value of a function on
F×/F×2, with respect to H, we define the density of a subset Σ ⊂ F×/F×2 to be

µ(Σ) = avgd 1Σ(d),

where 1Σ is the characteristic function of Σ.

We say Σ is defined by finitely many local conditions if there exists for each place p of F subsets Σp ⊂ F×p /F×2
p ,

such that Σp = F×p /F
×2
p for all but finitely many p and such that

Σ = F×/F×2
⋂∏

p

Σp,

with the intersection taking place inside
∏

p F
×
p /F

×2
p . The average of a function f on Σ (ordered by the height

function H) is denoted avgΣ f(d).

The key input for our proofs of Theorems 1.1 and 1.3 is the following general result of Bhargava, Klagsbrun,
Lemke Oliver, and the author [Bhargava et al., Thm. 1.1].
Theorem 5.1. Suppose ψ : A→ A′ is a degree 3 isogeny of abelian varieties over a number field F , and let
ψd : Ad → A′d be the corresponding quadratic twist family of 3-isogenies, for d ∈ F×/F×2. If Σ ⊂ F×/F×2

is a subset defined by finitely many local conditions, then the average size of Selψd
(Ad), for d ∈ Σ is

1 + avgΣ c(ψd).
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Now assume that A is abelian variety over a totally real field F satisfying Assumption 2.2. For m ∈ Z, we define
the subsets

Tm(φ) =
{
d ∈ F×/F×2 : c(φd) = 3m

}
⊂ F×/F×2.

Then the sets Tm(φ) are defined by finitely many local conditions, and for any fixed m, either Tm(φ) is empty
or it has positive density. We also write T±m(φ) for Tm(φ) ∪ T−m(φ).

Our first result gives a concrete bound on the average rank of the quadratic twists Ad. To state the result cleanly,
we define the absolute log-Selmer ratio t(φd) = |ord3 c(φd)|.
Theorem 5.2. Suppose A has dimension g and satisfies Assumption 2.2. Let Σ ⊂ F×/F×2 be a subset defined
by finitely many local conditions. Then the average Mordell–Weil rank of the quadratic twists Ad, for d ∈ Σ, is
at most g · avgΣ

(
t(φd) + 3−t(φd)

)
.

Proof . Note that Ad(F ) is a finitely generated O-module, and that Ad(F ) has no 3-torsion for all but finitely
many d. For such d, the rank of Ad(F ) is equal to (g/k) · rkO/ε (Ad(F )/εAd(F )). Recall that k is the order
of the ideal class of I in Pic(O), and ε is the generator of the kth power of the kernel ideal I of φ. We have
Ad(F )/εAd(F ) ⊂ Selε(Ad), so it is enough to show that the average O/ε-module rank of Selε(Ad) is at most
k · avgd

(
t(φd) + 3−t(φd)

)
. Since ε = πkπk−1 · · ·π2π1, and since Selπi

(Ai) ' Selπ(A) for all i (Corollary 4.1), the
rank of Selε(Ad) as an O/ε-module is at most k dimF3

Selπ(A). So it is enough to show that the average size of
dimF3

Selπ(Ad) is at most avgd
(
t(φd) + 3−t(φd)

)
.

To prove this, we fix m ∈ Z and show that the average F3-rank of Selπ(Ad) for d ∈ Tm(φ) is at most |m|+ 3−|m|.
We will suppose m ≥ 0; the proof in the case m < 0 is similar. Then by Theorem 5.1, the average size of Selφ(Ad)
for d ∈ Tm(φ) is 1 + 3m. For any r ∈ Z, we have the inequality 2r + 1− 2m ≤ 3r−m, so it follows that the average
F3-rank of Selφ(Ad) for d ∈ Tm(φ) is at most m+ 1

23−m. By Corollary 3.11, the average size of Selφ′(Bd) for
d ∈ Tm(φ) is 1 + 3−m, so the average F3-rank of Selφ′(Bd) is at most 1

23−m.

Using the exact sequence from (4.1),

Selφd
(Ad)→ Selπ(Ad)→ Selφ′

d
(Bd), (5.1)

we deduce that the average F3-rank of Selπ(Ad) is bounded by m+ 3−m, as desired.

Taking Σ to be F×/F×2 in Theorem 5.2 gives Theorem 1.4. To show that a positive proportion of quadratic
twists Ad have π-Selmer ranks 0 (resp. 1), we will need the following proposition.
Proposition 5.3. The sets T0(φ) and T±1(φ) have positive density in F×/F×2.

Proof . We will prove the theorem for T0(φ); the proof for T±1(φ) is similar. We need to construct a set
Σ ⊂ F×/F×2, defined by finitely many local conditions, such that c(φd) = 1 for all d ∈ Σ. In fact, we construct
Σ such that cp(φd) = 1, for all p - 3∞, and for all d ∈ Σ.

Let NA be the conductor ideal of A. Then p divides NA if and only if A has bad reduction at p, and
cp(φd) = cp(φ′d) = 1 for all primes p not dividing 6NA∞, and for all d, by [Bhargava et al., Thm. 5.2]. To handle
primes p dividing 6NA, first note that there is exactly one squareclass d ∈ F×p /F×2

p such that the denominator
in (3.1), for φ = φd, is not equal to 1. Since there are at least four squareclasses in F×p , we may choose a set
Σ̃ ⊂ F×/F×2, defined by finitely many congruence conditions, such that both cp(φd) and cp(φ′d) are integers,
for all finite primes p and all d ∈ Σ̃.

This already implies that cp(φd) = 1 = cp(φ′d) for all finite primes p - 3 and all d ∈ Σ̃. Indeed, for such p and d,
we have cp(πi) = cp(π) = cp(φd)cp(φ′d), so that the ratios cp(πi) are integers whose product is 1:

cp(π1)cp(π2) · · · cp(πk) = cp(ε) = cp(Ad)/cp(Ad) = 1.

Here we have used Proposition 3.1. It follows that both cp(φd) and cp(φ′d) are positive integers whose product
is 1, and hence both of these local Selmer ratios are 1, as claimed.

For the computation at primes p | 3, we abbreviate γπi = γπi,Fp and γε = γε,Fp . Then

k∏
i=1

cp(πi) =

k∏
i=1

γπi = γε = 3k[Fp : Q3],
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for all d, by Proposition 3.1, Lemma 3.6, and Lemma 3.7. Since cp(πi) = cp(π), we have that cp(π) =
cp(φd)cp(φ′d) = 3[Fp : Q3]. Writing

c3(φd) :=
∏
p|3

cp(φd) and c3(φ′d) :=
∏
p|3

cp(φ′d),

we conclude that for d ∈ Σ̃, the product c(π) = c3(φd)c3(φ′d) is a power of 3 satisfying

1 ≤ c3(φd)c3(φ′d) ≤ 3[F : Q].

In particular, 1 ≤ c3(φd) ≤ 3[F : Q] for all d ∈ Σ̃.

Finally, if p is a (real) archimedean place of F , then cp(φd) is equal to 1/3 or 1, depending on whether or
not A[φd](Fp) is non-trivial. Thus, we can impose sign conditions on d so that the archimedean contribution
c∞(φd) :=

∏
p|∞ cp(φd) is equal to 3−n for any n satisfying 1 ≤ n ≤ [F : Q].

It follows from the above discussion that the subset Σ ⊂ Σ̃ defined by

Σ =
{
d ∈ Σ̃ : c3(φd)c∞(φd) = 1

}
,

has positive density in F×/F×2. Moreover, c(φd) = 1 for all d ∈ Σ, as desired.

Theorem 5.4. A proportion of at least 1
2µ(T0(φ)) of the quadratic twists Ad have rank 0.

Proof . The map ε : Ad → Ad is an isogeny and Ad(F )/εAd(F ) ⊂ Selε(Ad). Thus, if Selε(Ad) = 0, then Ad(F )
has rank 0. So it is enough to show that at least 1

2µ(T0(φ)) of twists satisfy Selε(Ad) = 0. Since Selπi
(Ai) '

Selπ(A), and ε = πk · · ·π1, it is enough to prove that at least 1
2µ(T0(φ)) of twists satisfy Selπ(Ad) = 0.

By Theorem 5.1, the average size of Selφ(Ad) for d ∈ T0(φ) is 2. Since Selφ(Ad) is an F3-vector space, it follows
that at least 50% of d in T0(φ) are such that Selφ(Ad) = 0. By Theorem 4.2, 100% of these d satisfy Selφ′

d
(Ad) = 0,

as well. From the exact sequence (5.1) we see that Selπ(Ad) = 0 for all such d, proving the theorem.

In the case where A admits an O-linear polarization of degree prime to 3, Theorem 1.1 follows immediately from
Proposition 5.3 and Theorem 5.4. The general case follows from this one using Zarhin’s trick, i.e. that (A× Â)4

is principally polarized. To run this argument, one must allow abelian varieties with RM by a totally real étale
Q-algebra which is not necessarily a field, but this does not change the proofs in Section 2.

To prove Theorem 1.3 we will need the following result.
Theorem 5.5. A proportion of at least 5

6µ(T±1(φ)) of the twists Ad satisfy dimF3
Selπ(Ad) = 1.

Proof . We first consider T1(φ). As before, we may assume this set has positive density. By Theorem 5.1, the
average size of #Selφ(Ad) on T1(φ) is 4. On the other hand, by Theorem 4.2, the F3-dimension of Selφ(Ad) is
at least 1 for 100% of twists d ∈ T1(φ). It follows that for at least 5

6 of such d, we have #Selφ(Ad) = 3 and (by
Theorem 4.2) that #Selφ′(Bd) = 1. By the exactness of (5.1), we conclude that dimF3

Selπ(Ad) = 1 for such d.

Next we consider T−1(φ). By [Bhargava et al., Thm. 1.1], the average size of Selφ(Ad) for d ∈ T−1(φ) is 4
3 . It

follows that at least 5
6 of d ∈ T−1(φ) satisfy #Selφ(Ad) = 1 and (by Theorem 4.2) that #Selφ′(Bd) = 3. For such

d, the F3-dimension of Selπ(Ad) is either 0 or 1. But by Theorem 4.4, the F3-dimension of Selπ(Ad) is odd, so
Selπ(Ad) has F3-rank 1 for at least 5

6 of d in T−1(φ).

Proof of Theorem 1.3. The first part of Theorem 1.3 follows immediately from Proposition 5.3 and Theorem
5.5. For the second part, first note that there are isomorphisms

Cd(F )/πAd(F ) ' Ai+1,d(F )/πiAi,d(F )

for all 1 ≤ i ≤ k and all d ∈ F×/F×2, by Proposition 2.9. Thus, if Ad(F ) has no 3-torsion (which is true for
almost all d) and has rank ng, then Ad(F )/εAd(F ) has rank n over O/ε and Cd(F )/πAd(F ) has F3-dimension
n. We also have the short exact sequence

0→ Cd(F )/πAd(F )→ Selπ(Ad)→X(Ad)[π]→ 0.

Thus, if dimF3
Selπ(Ad) = 1, then either Ad has rank g or dimF3

X(Ad)[π] = 1. But if X(Ad) is finite, then
X(Ad)[π] has square order [Li, 2017, Thm. 3.3], so the latter case cannot occur.
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6 Optimal quotients of prime level

In this section we prove Theorem 1.5. First we will verify that Theorem 1.1 is applicable; for this we use Mazur’s
study of the Eisenstein ideal to prove that the relevant kernel ideal is invertible. Then we compute various
local Selmer ratios, in order to calculate the explicit bounds given in the Theorem. We first set notation and
terminology.

Fix a prime p and let T be the Z-algebra of Hecke operators acting on the space of weight 2 cuspforms on Γ0(p).
If f is a newform for Γ0(p), then there is an induced homomorphism T→ C giving the action of Hecke operators
on f . Let If denote the kernel of this homomorphism. Then A = J0(p)/IfJ0(p) is an abelian variety over Q
and is called the optimal quotient corresponding to f . The endomorphism algebra EndQ(A)⊗Q is isomorphic
to O ⊗Z Q, where O := T/If . Mazur proved [Mazur, 1977, Prop. II.9.5] that T = EndQ(J0(p)), from which it
follows that T/If is a subring of EndQ(A) of finite index, though not necessarily equal to EndQ(A). In any case,
A has RM by O.

If p ≡ 1 (mod 9), then there is at least one optimal quotient A with a rational point of order 3. If moreover
p 6≡ 1 (mod 27), then there is exactly one such quotient, corresponding to a single Galois orbit of newforms, and
this A has a unique subgroup of order 3, which is the image of a rational cuspidal subgroup of order 3 in J0(p).
These facts follow from [Emerton, 2003, Thm. B].

Let A be this unique optimal quotient, P ∈ A(Q) a point of order 3, and B = A/〈P 〉 the quotient. By [Emerton,
2003, Thm. 4.13], the ring O necessarily contains an ideal I of index 3 such that P is contained in A[I].
Specifically, if I ⊂ T is the Eisenstein ideal, then I is the image of (3,I) under the map T→ T/If . By Remark
2.1, the quotient φ : A→ B is an O-linear 3-isogeny with kernel ideal I. Since we work over Q, every polarization
of A is O-linear as well.
Proposition 6.1. The kernel ideal I is an invertible O-module.

Proof . It is enough to check that I is a locally free O-module, i.e. that Ip ' Op as Op-modules, for all primes
p of O. Since I has index 3 in O, it is itself a prime ideal, and II ' OI as OI -modules by Mazur’s principality
theorem [Mazur, 1977, Thm. II.18.10 and 19.1]. Here it is crucial that p 6≡ 1 (mod 27), so that the image of
(3,I) in O is all of I, and not some smaller ideal. On the other hand, if p 6= I, then the inclusion I ↪→ O induces
an isomorphism Ip ' Op.

Corollary 6.2. The abelian variety A and the isogeny φ satisfy the hypotheses of Theorem 1.1.

It follows that a positive proportion of twists Ad have rank 0 and that the average rank of Ad(Q) is bounded.
To say something more quantitative, we need to compute various local Selmer ratios.

6.1 Selmer ratios for φd

In this section, d will always be a squarefree integer. For each d, let φd : Ad → Bd be the d-th twist of the 3-
isogeny φ : A→ B. The following four propositions compute the local Selmer ratios c`(φd) for all primes ` ≤ ∞
and all d.
Proposition 6.3. If ` /∈ {3, p,∞}, then c`(φd) = 1, for all d.

Proof . This is [Bhargava et al., Thm. 6.2].

Proposition 6.4. If ` =∞, we have

c∞(φd) =

{
1/3 d > 0

1 d < 0.

Proof . We have c∞(φd) = # ker(φd)(R)−1 and # ker(φ)(R) = #〈P 〉 = 3.

Proposition 6.5. If ` = 3, then c3(φd) = 1 for all d.

Proof . Since Ad has a quadratic twist of good reduction, we have c3(Ad) = c3(Bd) for all d. For elliptic curves
this was proven in [Bhargava et al., Lem. 11.1], but the proof holds equally well for higher dimensional abelian
varieties. Thus, we have

c3(φd) = γφ,Q3

c3(Bd)

c3(Ad)
= γφ,Q3

= 1,
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the final equality since φ extends to an étale isogeny of Néron models over Z3 by [Mazur, 1977, II.11.11].

The remaining case ` = p is handled by the following proposition.
Proposition 6.6. If d ∈ Z is squarefree then

cp(φd) =

{
1/3 d ∈ Z×2

p

1 otherwise.

Proof . ‡ For this proof, we consider Ad and Bd as abelian varieties over Qp, and write Aan
d and Ban

d for their
rigid-analytifications. First we consider the case d ∈ Z×2

p . In this case, Ad ' A and Bd ' B both have (purely)
toric reduction over Qp. Moreover, since A is an Eisenstein quotient, they have split toric reduction. We may
therefore write Aan = T/Λ, where T = Gan,g

m,Qp
is a split analytic torus of rank g = dimA, and Λ is a full rank

lattice defined over Qp. Set Λ∨ = Hom(T,Gan
m,Qp

).

The local Selmer ratio cp(φ) is equal to the ratio cp(B)/cp(A) of Tamagawa numbers. By definition cp(A) =
#Φ(Fp), where Φ = ΦA is the component group of the special fiber of the Néron model A of A. Since A has split
toric reduction, the étale group scheme Φ is constant over Fp, so we may regard it as a group. Grothendieck’s
monodromy pairing leads to the following exact sequence

0→ Λ→ Hom(Λ∨,Z)→ Φ→ 0.

This gives an explicit way to compute the specialization homomorphism A(Qp)→ Φ. Namely, if x ∈ A(Qp), let
t ∈ T (Qp) be any lift of x, and let t̃ ∈ Hom(Λ∨,Z) be the homomorphism:

t̃ : f 7→ val(f(t)).

Then the image of x in Φ under specialization is the image of t̃ under the quotient Hom(Λ∨,Z)→ Φ.

By [Emerton, 2003, Thm. B], the specialization map induces an isomorphism Ators(Q) ' Φ. In particular, we
deduce that the order 3 point P does not lie in the subgroup µg3 ⊂ T (Qp) of A(Qp)[3]. It follows that we may
choose lattice generators Λ = 〈q1, . . . , qg〉 such that P = q̄0, where q0 ∈ T is a cube root of q1 and q̄0 denotes the
image of q0 in A(Qp). Therefore B = T/ΛB , where ΛB = 〈q0, q2, . . . , qg〉. In particular, we have Λ∨B = Λ∨ and
the monodromy sequence for B reads:

0→ ΛB → Hom(Λ∨,Z)→ ΦB → 0.

We deduce that Φ = ΦA surjects onto ΦB with kernel of order 3; hence cp(φ) = cp(B)/cp(A) = 1/3.

Finally, we consider non-square d ∈ Q×p . Let K = Qp(
√
d), and let φK be the base change of the isogeny φ to

K. Since p > 3, we have the general formula (see [Dokchitser and Dokchitser, 2015, Lem. 4.6])

cp(φK) = cp(φd)cp(φ).

But the computation above also gives cp(φK) = 1/3. We conclude that cp(φd) = 1.

Putting together Propositions 6.3-6.6, we can compute the global Selmer ratio c(φd) =
∏
p≤∞ cp(φd) for any

squarefree d. In particular, we can determine the sets

Tm(φ) =
{
d ∈ F×/F×2 : c(φd) = 3m

}
defined in the previous section, and their densities µ(Tm(φ)) within Q×/Q×2. We find:
Corollary 6.7. For the isogeny φ : A→ B, we have

µ(Tm(φ)) =



1

2
− 1

4

p

p+ 1
m = 0

1

2
m = −1

1

4

p

p+ 1
m = −2

0 else.

‡This proof relies on the p-adic uniformization of abelian varieties; we refer the reader to Papikian [2013] for background.
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Proof . For example, for m = −2, we need d > 0 and d ∈ Z×2
p . This gives a density of

1

2
·

1
2p(p− 1)

p2 − 1
=

1

4

p

p+ 1

of all square classes. The computations for other m are similar; alternatively, they can be deduced from pure
thought. Indeed, µ(Tm(φ)) = 0 for m /∈ {−2,−1, 0}, so parity ensures T−1(φ) = 1

2 . Since the densities must add
to 1, we deduce µ(T0)(φ) = 1

2 −
1
4

p
p+1 as well.

It follows from the results in Section 5 that the average O-rank of Ad is at most 13/9 and that at least 1/8 of
twists have rank 0. Note that this is not as strong as what is claimed in Theorem 1.5! This is because there is
another 3-isogeny ψ : A→ B′, which we will use to deduce even better rank bounds in the next subsection.

6.2 Selmer ratios for ψd

First we must define B′ and the isogeny ψ : A→ B′. Let Σ ⊂ J0 be the Shimura subgroup of J0, thought of,
for the moment, as schemes over SpecZ. Then Σ is a finite µ-type group of order equal to the numerator of
(p− 1)/12; see [Mazur, 1977, §II.11] for its definition. We let Σ3 be the 3-primary subgroup of Σ. Since p ≡ 10
or 19 (mod 27), Σ3 has order 3.
Lemma 6.8. The image of Σ3 under the map J0(p)→ A is a rational subgroup of order 3.

Proof . Specialization induces an isomorphism Σ(Fp)→ ΦJ0(p) onto the component group over Fp [Mazur, 1977,
Prop. II.11.9]. Since this is compatible with the surjection ΦJ0(p) → ΦA, it follows (using [Emerton, 2003, Thm.
B]) that the image of Σ3 in A is a subgroup of order 3.

We let ψ : A→ B′ be the 3-isogeny of abelian varieties over Q whose kernel is the image of Σ3.
Corollary 6.9. The 3-isogeny ψ : A→ B′ satisfies the hypotheses of Theorem 1.1.

Proof . Since Σ3 is Eisenstein [Mazur, 1977, II.11.7], we have kerψ ⊂ A[I], where recall I is the kernel ideal of
φ, which we have already identified as the image of the 3-part of the Eisenstein ideal. This gives a decomposition
A[I] = 〈P 〉 ⊕ kerψ as Gal(Q̄/Q)-modules. It also means that I is the kernel ideal of ψ, and by Proposition 6.1,
the hypotheses of Theorem 1.1 hold.

The next several propositions compute the local Selmer ratios c`(ψd) for all primes ` and all squarefree d ∈ Z.
The proof of the first proposition is as in the previous subsection.
Proposition 6.10. If ` /∈ {3, p,∞}, then c`(ψd) = 1, for all d.
Proposition 6.11. If ` =∞, we have

c∞(ψd) =

{
1 d > 0

1/3 d < 0.

Proof . This is because kerψ ' Σ3 ' µ3 as group schemes over R.

Proposition 6.12. If ` = 3, then c3(ψd) = 3 for all d.

Proof . As in the previous subsection, we have c3(Ad) = c3(Bd) for all d. Let π : A→ A/A[I] be the canonical
(3, 3)-isogeny. Also let φ̃ : B′ → A/A[I] be the unique 3-isogeny such that φ̃ψ = π. Then φ̃ is étale over Z3 since
φ is, and so c3(φ̃) = 1. By Lemmas 3.4, 3.7, and 3.9, we compute that

c3(ψ) = c3(π)c3(φ̃)−1 = c3(π) = 3.

Proposition 6.13. If d ∈ Z is squarefree then

cp(ψd) =

{
1/3 d ∈ Z×2

p

1 otherwise.
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Proof . Since µ3 ⊂ Q×p , the generator of kerψ is defined over Qp. Since this generator maps to a non-trivial
element of the component group ΦA, we may proceed exactly as in Proposition 6.6.

Putting together Propositions 6.10-6.13, we deduce:
Corollary 6.14. For the isogeny ψ : A→ B′, we have

µ(Tm(ψ)) =



1

2
− 1

4

p

p+ 1
m = 1

1

2
m = 0

1

4

p

p+ 1
m = −1

0 else.

Proof of Theorem 1.5. To prove parts a) through c), we use the densities computed in Corollary 6.14. Part a)
follows from Theorem 5.2, part b) follows from Theorem 5.4, and part c) follows from Theorem 5.5. This is also
shows that at least 5/12 of twists Ad have O-rank 1, if we further assume that X(Ad)[3

∞] is finite for all d.

Part d) will follow from comparing Propositions 6.3-6.6 to Propositions 6.10-6.13. The key observation is that

T−2(φ) ⊂ T0(ψ).

It follows that for d ∈ T−2(φ), the average O-rank of Ad is 1, due to our average rank bound for d ∈ T0(ψ). Since
the parity of dimF3

Selπ(Ad) is even for d ∈ T0(ψ), by Theorem 4.4, we deduce that for at least 50% of such
d, both Ad and Bd have rank 0. On the other hand, for d ∈ T−2(φ), and d 6= 1, we have dimF3

Selφ′
d
(Bd) ≥ 2

by Theorem 4.2. Here, φ′ : B → C is the isogeny such that φ′φ = π. It follows that #X(Bd)[3] ≥ 9 for almost
all d ∈ T−2(φ) such that Bd has rank 0. The density of this set of twists is at least 1

2µ(T−2(φ)) = 1
8

p
p+1 , which

proves part d).

7 Examples

We give explicit examples of abelian varieties of dimension g > 1 over Q satisfying the hypotheses of Theorems
1.1 and 1.3, and Corollary 1.7.

The first few examples were found by searching through rational points on explicit models of Hilbert modular
surfaces. These are moduli spaces of principally polarized abelian surfaces with real multiplication by a fixed
order O in a real quadratic number field K. For our purposes, we restrict to those K with an ideal of index
3. If we take K = Q(

√
3p) with p equal to 1, 2, or any prime p ≡ 3 (mod 4), then we can take the ideal to be

principal as well. In those cases, we have 3OK = π2OK for some element π ∈ OK of norm ±3. It follows that if
A/Q has RM by OK , then A(Q) has a non-trivial π-torsion point if and only if A(Q) has a point of order 3.

To find examples of such A, we simply searched through the tables of genus two curves in Elkies and Kumar
[2014], while checking in Magma for a rational point of order 3 on the Jacobian.
Example 7.1. The Jacobian J of the genus two curve

C : y2 = x5 − x4 + x3 − 3x2 − x+ 5

has RM by Z[
√

3] over Q and a non-trivial
√

3-torsion point in J(Q). Thus Theorems 1.1 and 1.3 apply. As
C is hyperelliptic, Corollary 1.7 applies as well, and shows that for a positive proportion of twists d, we have
Cd(Q) = {∞, (−1, 0)}.
Example 7.2. The Jacobian J of the genus two curve

C : y2 = −72x6 + 84x5 + 127x4 − 123x3 − 83x2 + 51x+ 25

has RM by Z[
√

6] over Q and a non-trivial (3 +
√

6)-torsion point P in J(Q). In this case, we have B = J/〈P 〉,
which is itself principally polarized (see Remark 2.2) and hence a Jacobian of some genus 2 curve C ′. If one
could write down a model for C ′, then the bound on the average rank of Jd given in Theorem 5.2 could be
computed explicitly, and our lower bounds on the proportion of twists having rank 0 (resp. π-Selmer rank 1)
could be made explicit as well.
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We found the following example in the LMFDB LMFDB Collaboration [2013].
Example 7.3. The Jacobian J of the genus two curve

C : y2 + (x3 + 1)y = x5 + 4x4 + 6x3 + 10x2 + 3x+ 1

has RM by Z[
√

3] over Q and a non-trivial
√

3-torsion point in J(Q). This J seems to be isogenous to another
Jacobian which is a quotient of J0(65), and which has appeared in the literature a few times already; see
[González et al., 2005, §4.2] and [Li, 2017, Rem. 3.4].

Of course, Theorem 1.5 gives many examples in dimension g ≥ 2, and with explicit bounds on the rank statistics.
These A are optimal quotients of J0(p) with a point of order 3, and with p ≡ 10 or 19 (mod 27). There are only
two cases where A is an elliptic curve: these are at levels 19 and 37 (see [Mazur, 1977, III.7.5]).
Example 7.4. For p less than 1000, there are 4 examples of abelian surface quotients of J0(p) with a point
of order 3 (p = 73, 307, 487, and 577); all of these have RM by Q(

√
13). These surfaces need not be principally

polarized in general, but they may be isogenous to a principally polarized abelian surface. For example, when
p = 73, A seems to be isogenous to the Jacobian of the genus two curve

C : y2 + (x3 + x+ 1)y = −x6 − 8x5 − 16x4 + 25x3 − 40x2 + 31x− 8

If this can be verified, then the explicit version of Corollary 1.7 would imply that at least 25% of twists Cd have
no rational points.

The author guesses that Theorem 1.5 applies to only finitely many abelian surfaces, and to only finitely many
abelian varieties of any given dimension g. The first example with g > 2 is:
Example 7.5. Let A be the ‘minus part’ of the modular Jacobian J0(127). This is a simple 7-dimensional abelian
variety corresponding to the unique Galois orbit of newforms of level 127 with root number +1. In particular,
it is the only Eisenstein optimal quotient of J0(127), hence has a torsion point of order 3. The modular degree
of A is 8, and so A has a polarization of degree prime to 3. It follows from Theorem 1.5 that at least 25% of
twists Ad have rank 0, and assuming X(Ad) finite, at least 5/12 of twists have rank 7.

In the next example, Theorem 1.5 does not apply since p ≡ 1 (mod 27), but we can verify the hypotheses of
Theorem 1.1 nonetheless.
Example 7.6. There is a unique Eisenstein optimal quotient A of J0(109); it is 4-dimensional. We have
A(Q) ' Z/9Z and End(A) ' OK , for the quartic field K with minimal polynomial x4 − 5x3 + 3x2 + 6x+ 1.
One checks that the order 3 subgroup G of A(Q) is killed by the unique ideal I of index 3 in OK . It follows
that A→ A/G is OK-linear with invertible kernel ideal. The proof of Theorem 1.5 now applies to A and so we
can conclude that the average O-rank is at most 7/6 and at least 25% of twists have rank 0. Sage reports that
the modular degree of A is 32, so A admits an O-linear polarization of degree prime to 3. Thus, at least 5/12 of
twists have O-rank 1, assuming X(Ad) is finite.

Acknowledgements: The author thanks Manjul Bhargava, Pete Clark, Victor Flynn, Eyal Goren, Ben Howard,
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