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CHAPTER I

Introduction

1.1 Background and motivation

The aim of this thesis is to relate the central derivatives of Rankin-Selberg L-functions to heights
of algebraic cycles on varieties related to modular curves. Motivating our work is the formula of
Gross and Zagier, which we now recall.

1.1.1 The Gross-Zagier formula

Let f be a normalized newform of weight 2 and level I'o(N). Let K be an imaginary quadratic
field with odd discriminant D, H its Hilbert class field, and x : Gal(H/K) — Q* a character. The

theta series
Oy = Z (@)

acOxk

attached to x is a weight 1 modular form, and we can form the Rankin-Selberg convolution
L(f,x,s) := L(f,0Oy,s). Gross and Zagier assume the Heegner hypothesis: every prime divid-
ing N splits in K. This forces the sign of the functional equation for L(f, x, s) to be —1, and hence
forces L(f, x, s) to vanish at the central point s = 1.

On the other hand, the Heegner hypothesis guarantees that there exists a cyclic N-isogeny
¢ : A — A’ between two elliptic curves A, A’ both having complex multiplication by Ok . Any such
¢ determines a point y on the modular curve Xo(N) parameterizing cyclic N-isogenies of elliptic
curves. Since ¢ is defined over H, this point is H-rational, i.e. y € Xo(N)(H).

Using the Abel-Jacobi map

Xo(N) — Jo(N) = Pic®(Xo(N))

y—c:=[y] — [o0],
we obtain a point ¢ € Jo(N)(H) in the Mordell-Weil group of the Jacobian of Xo(N) over H. As
the actions of Gal(H/K) and the Hecke algebra T on Jo(N) commute with each other, we may
consider the (f, x)-isotypic component ¢;, € Jo(IN) ® C of c.
By the Mordell-Weil theorem, Jo(N)(H) is a finitely generated abelian group. It is endowed
with a symmetric bilinear pairing

CGone = Jo(N)(H) x Jo(N)(H) — R

called the Néron-Tate height pairing. The associated quadratic form on Jy(N)(H) ® R is positive
definite, so P € Jo(N)(H) is torsion if and only if (P, P)nt = 0. We extend this pairing to a
Hermitian pairing on Jo(N)(H) ® C in order to compute the height of ¢y .

Theorem 1.1 (Gross-Zagier [GZ]). There is an explicit non-zero constant k = k(f, K) such that

L'(f,x,1)=r- (Ct,xs Cf,xINT-



This formula gives a remarkable connection between the analytic realm of automorphic L-
functions and the arithmetic of modular curves. It is also a key ingredient in the proof of many
cases of the Birch and Swinnerton-Dyer conjecture for elliptic curves over Q, a geometric conjecture
whose statement makes no mention of modular forms at all.

To state this application of the Gross-Zagier formula, let us assume for simplicity that f has
rational Hecke eigenvalues. Then there is an elliptic curve E¢/Q which is quotient of Jy(/N) and
such that L(Ef,s) = L(f,s). If x is the trivial character, then L(f,x,s) is nothing other than
L(E;/K,s), the L-function of the elliptic curve E; base changed to K. Moreover, we can think of
¢fx = ¢y in this case as a point in E¢(K). Recall that our assumptions have forced L(Ey/K, 1) =
0. So the Gross-Zagier formula implies that if L'(Ey/K,1) # 0 (i.e. if the analytic rank of Ey
is 1), then the rank of the group E;(K) is at least 1. This inequality is exactly as predicted by
the Birch and Swinnerton-Dyer conjecture (BSD), which is the statement that the algebraic and
analytic ranks agree:

rtk Ey(K) = ords—1 L(Ef/K, s).

In fact, Kolyvagin [Kol] proved that if ¢ is not torsion, then rk E¢(K) = 1, and so the BSD
conjecture for E;/K is verified in this case. Moreover, one can “descend” these results to prove
BSD for Ef/Q as well (assuming the analytic rank is less than or equal to 1) . Since every elliptic
curve F/Q is a quotient of Jy(N) for some N, these arguments apply for all E/Q.

1.1.2 The p-adic formula of Perrin-Riou

There are many variants and generalizations of the Gross-Zagier formula. One of the earliest
variants was a p-adic version due to Perrin-Riou [PR1], in the case where f is ordinary at p (with
respect to some chosen embedding @ — @Q,). Here, p is a prime not dividing N and which
splits in K. She computes the derivative of a p-adic L-function L,(f,x,A) instead of the usual
complex Rankin-Selberg L-function. L,(f, x, —) is a C,-valued p-adic analytic function of characters
A Gal(Ky/K) — 1+ pZ,, where K is the unique Zf,—extension of K. This p-adic L-function is
characterized by an interpolation property of the form

L;D(fa Xﬂ/’) = L(f? va l)a

for all finite order characters 1. Here, = means equality up to explicit (transcendental) constants,
which must be divided out appropriately so that both sides of the equation are algebraic and the
equality of elements of C,, and C can make sense.

Replacing the C-valued Néron-Tate height pairing in her p-adic formula is a height pairing

e+ Jo(N)(H) @ Qp x Jo(N)(H) @ Qy — Qy,

defined by Schneider and Mazur-Tate. This p-adic height pairing depends on a choice of “arithmetic
logarithm”

Uk AR /K™ — Qp,
which we can alternatively view (via class field theory) as a homomorphism {5 : Gal(Ky/K) — Q.
In fact, we can write {x = p~" log, o\ for some integer n and some \ : Gal(K/K) — 1+pZ,. Here

log, is Twasawa’s branch of the logarithm, so that log,(p) = 0. Then the derivative of L,(f,x,—)
at the trivial character 1 in the direction of ¢k is defined as

—n d s
L/p(f7X7£K7]1):p ij(f7XvA)
S s=0

Theorem 1.2 (Perrin-Riou).
L;/g(fa X €K7 ﬂ) = <Cf,X7 Cf,X>ZK

Kobayashi [Kob] later proved a similar p-adic formula when f is non-ordinary at p. This case is
more complicated because there are two different p-adic L-functions attached to f and the height



pairings now depend on a choice of splittings of the Hodge filtration (whereas there is a canonical
choice in the ordinary case).

Perrin-Riou’s formula implies cases of a p-adic version of the BSD conjecture, which states that
(when f has rational coefficients) the rank of E;(K) should equal the derivative L'(f, 1,4k, 1) in
the cyclotomic direction (i.e. fx = log,, oA, with A the cyclotomic character). It is important here
that (p, N) = 1, otherwise these two quantities are not necessarily equal, due to exceptional zero
phenomena. Also note that L,(f, x, 1) = 0 by the interpolation property.

Such p-adic formulas are interesting because they give new ways to prove statements about
points on elliptic curves over Q, or, more generally, algebraic cycles on varieties defined over number
fields. Moreover, they have a certain flexibility that the archimedean formulas lack, in that they are
amenable to methods of Iwasawa theory and techniques of p-adic variation. In fact, p-adic special
value formulas are an important tool in recent proofs of “converse theorems” (e.g. [Sk] and [Zh])
concerning the usual (archimedean) BSD conjecture.

1.1.3 Higher weight formulas and Heegner cycles

In the 1990’s, the formulas of Gross-Zagier and Perrin-Riou were generalized to eigenforms f of
weight 27, for any r > 1. In this case, the Rankin-Selberg L-function L(f, x, s) again vanishes at its
central point s = r. Already in [GZ, §V], it is attributed to Deligne that the derivative L'(f, x, )
should be related to heights of Heegner cycles, which are certain algebraic cycles lying on the Kuga-
Sato variety Wa,_o of dimension 2r — 1. This Kuga-Sato variety is a smooth compactification of
the (2r — 2)-th power

WQOT,Q =& Xy(N) Xy(N) &

of the universal elliptic curve & — Y (N) fibered over Y (N) (the moduli space of elliptic curves
with full level N structure). By work of Deligne and Scholl, the Hecke operators can be used to
construct a projector €5 in the ring of algebraic correspondences of Wy,_5, which cuts out a motive
My (modulo homological equivalence) corresponding to the eigenform f. In particular, there is a
subspace of Hgtr_l(Wgr,g, Qp(r)) whose L-function equals L(f, s), though it is in general necessary
to extend the coefficient field in order to realize this subspace.

The Heegner cycle is a certain algebraic cycle lying in the fiber of

War—o — X(N)

above a point § € X(N) corresponding to an elliptic curve A with End(A) =~ Ok; the fiber above
7 is isomorphic to A%7~2. Recall D = Disc(K), and let

I'/5={(P,VD(P):PecA}c Ax A
be the graph of the isogeny v/D : A — A. Then consider the cycle:

Y =T c (A x A)’"_1 c Wor_o.

r—1
VD
Roughly speaking, the Heegner cycle Yy, is the projection of Y onto the x-isotypic part of

My /H. The cohomology class of Yy, in HZ (Way—9,Q,(r)) ® Q, is trivial and hence Yy lies in
the domain of the p-adic Abel-Jacobi map

@ : CH" (War—2)0 ®g Q, — H' (H,V) ®g, Qp,

where V = H éQtT_l(WQT_Q, Qp(r)). The special value formulas for higher weight f are due to Zhang
[Z] (for the complex L-function) and Nekovaf [N3] (for the p-adic L-function):

Theorem 1.3 (Zhang). If f has weight 2r and x is a character of Gal(H/K), then

L'(f,x,r) = Ypx, Yryas-



Theorem 1.4 (Nekovar). Let p be a prime split in K and not dividing N, and fix an embedding
t:Q — Qp. Suppose f has weight 2r and is ordinary at p with respect to v. For any character x of
Gal(H/K) and any choice of arithmetic logarithm (g,

L, (fox lrc, 1) = @Y7 ), @(Y ) )Nek,txc

The C-valued height pairing <, )gs is the one defined by Beilinson [Bei] and uses the arithmetic
intersection theory of Gillet and Soulé [GS]. This pairing is a generalization of the Néron-Tate
height pairing for polarized abelian varieties. Importantly, {, >gs is defined on the Chow group
CH" (Wa,—2)o of homologically trivial cycles.! This is in contrast to the Q,-valued height pairing
{, YNek constructed by Nekovai (and generalizing the height pairings of Mazur-Tate and Schneider),
which is defined on the Bloch-Kato subgroup H}(H,V) c H'(H,V). Tt is known that the image
of @ lies in H }(H ,V'), in the case of Kuga-Sato varieties. This difference between the archimedean
and p-adic heights makes it more difficult both to prove archimedean height formulas (as we will
explain later) and also to apply them towards general conjectures on algebraic cycles, as we explain
in the next section.

Remark 1.5. There is important work of Yuan, Zhang, and Zhang [YZZ], which vastly generalizes the
original Gross-Zagier formula in an orthogonal direction, namely by relaxing the Heegner hypothesis
and other ramification conditions. In this general case, one relates L'(f, x, s) (with f having weight
2) to heights of special points on Shimura curves.

1.1.4 Conjectures of Beilinson-Bloch, Bloch-Kato, and Perrin-Riou

Assume for simplicity that y is the trivial character 1 and f has rational coefficients, and write
€y for the algebraic correspondence on Ws,_o which cuts out the motive M;. The Beilinson-Bloch
(BB) conjecture [Bei] is a vast generalization of the BSD conjecture (whose scope is limited to
abelian varieties A over number fields). The BB conjecture relates the rank of the Chow group
of homologically trivial algebraic cycles on a smooth projective variety X over a number field (or
more generally, a Chow motive) to the order of vanishing of the L-functions attached to the étale
cohomology of X. For the motive M;/K, it predicts that

dimg e;CH" (Wa,—o/K)o = ords—L(f, X, 5)-

Zhang’s formula verifies one inequality in the BB conjecture when My/K has analytic rank 1:
if the order of vanishing equals 1, then the derivative is non-zero and so the height of the Heeger
cycle is non-zero as well. Hence the cycle is non-torsion and the dimension on the left hand side
is at least 1. One would like to use Kolyvagin’s Euler system methods to show that the dimension
is in fact equal to 1, just as in the weight two case. In fact, Nekovai [N1] was able to apply
Kolyvagin’s techniques in this case, but his result is that if ®(Yy,1) # 0, then dim H(K,e;V) = 1.
Unfortunately, the Abel-Jacobi map @ is not known to be injective, so one cannot use Nekovai’s
Euler system result to prove BB in this case.

A related conjecture of Bloch-Kato [BK] predicts that the Abel-Jacobi map induces an isomor-
phism ~

®: e CH" (War_2/K)o ®g Qp — Hj(K,efV),
and moreover that (in agreement with the BB conjecture):
(1.1) dimg, Hj(K,efV) = ords—r L(f, X, ).

Again, since the injectivity of ® is not known, Zhang’s result cannot be used to unconditionally
prove (1.1) when L'(f, x,r) # 0.

This is unfortunate, but we can take solace in the fact that these problems disappear in the
p-adic realm. Perrin-Riou [PR3] has formulated a p-adic version of the Bloch-Kato conjecture (see
also [Co, 2.7]), and in this case of good reduction the prediction is entirely similar:

dime H}(K, EfV) = Ord)\=]le(f7 X5 >‘)7

Mn fact it is defined only on a subgroup of CH" (Wa,—2)o which is conjecturally equal to all of CH" (Wa,.—2)o.



where the derivatives are taken in the cyclotomic direction, as before. Combining Theorem 1.4 with
Nekovai’s results in [N1] immediately yields a proof of this conjecture when L} (f,1,1) # 0.

Remark 1.6. There is another application of the original Gross-Zagier formula which fails to gener-
alize to the higher weight case (in the current state of affairs). Namely, if the Heegner point cy 1 is
non-torsion, then by the non-degeneracy of the Néron-Tate height pairing, we have L'(f,1,1) # 0.
Using Kolyvagin once more, we conclude that BSD is true for E¢. This argument does not work
in higher weight because the pairings (, Yas and {, )Nex are not known to be non-degenerate. In
fact, the non-degeneracy of p-adic heights is not known even in weight 2, i.e. for abelian varieties,
other than in the CM case [Be].

1.2 Main results

The goal of this thesis is to extend the results of [N3] and [Z] to a larger class of Rankin-Selberg
L-functions, i.e. to a larger class of motives. Specifically, we will consider motives of the form
f ® ©,, where

x:Ax/K* - C*

is an unramified Hecke character of infinity type (¢,0), with 0 < £ = 2k < 2r, and

Oy = Z x(a)g™*

uCOK

is the associated theta series. The conditions on ¢ guarantee that the Hecke character xo :=
X N"T* of infinity type (r — k, 7 + k) is central critical in the sense of [BDP1, §4], and that the
central value L(f, x,r + k) = L(f, ©y,r + k) of the Rankin-Selberg L-function vanishes, as before.
If we take ¢ = 0, then x comes from a character of Gal(H/K), so we are back in the situation
considered in [N3] and [Z].

Our main result (Theorem 1.7) extends Nekovai’s formula to the case £ > 0 by relating p-adic
heights of generalized Heegner cycles to the derivative of a p-adic L-function attached to the pair
(f,x). We establish our assumptions and notation now and in the next subsections describe both
the algebraic cycles and the p-adic L-function needed to state our p-adic formula.

For our p-adic formula, we let p be an odd prime, N > 3 a positive integer prime to p, and
f =Y a,q" a newform of weight 2r > 2 on X((N) with a; = 1. Fix embeddings Q — C and
Q — Q, once and for all, and suppose that f is ordinary at p, i.e. the coefficient a, € Q, is a
p-adic unit. We let K be an imaginary quadratic field of odd discriminant D such that each prime
dividing pN splits in K. As before, H is the Hilbert class field of K.

1.2.1 Generalized Heegner cycles

Let Y(N)/Q be the modular curve parametrizing elliptic curves with full level N structure, and
let £ — Y(NV) be the universal elliptic curve with level N structure. Denote by W = Wa,_o, the
canonical non-singular compactification of the (2r — 2)-fold fiber product of £ with itself over Y (V)
[Sc]. Finally, let A/H be an elliptic curve with complex multiplication by the full ring of integers
Ok and good reduction at primes above p. We assume further that A is isogenous (over H) to
each of its Gal(H/K)-conjugates A% and that A™ >~ A, where 7 is complex conjugation. Such an A
exists since K has odd discriminant [G, §11]. Set X = Wg x g A?, where Wy is the base change
to H. The variety X is fibered over the compactified modular curve X (N)g, the typical geometric
fiber being of the form E?"~2 x A?, for some elliptic curve E.

The (2r + 2k — 1)-dimensional variety X contains a rich supply of generalized Heegner cycles
supported in the fibers of X above Heegner points on Xo(N) (we view X as fibered over Xo(N)
via X(N) — Xo(N)). These cycles were first introduced by Bertolini, Darmon, and Prasanna
in [BDP1]. In Chapter IV, we define certain cycles epeY and egéY in CH"™¥(X)g which sit in
the fiber above a Heegner point on Xo(N)(H), and which are variants of the generalized Heegner
cycles which appear in [BDP2]. Here, CH"™"(X)x is the group of codimension r + k cycles on
X with coefficients in K modulo rational equivalence. In fact, for each ideal a of K, we define



cycles egeY ® and egeY ® in CHTJ“k(X)K7 each one sitting in the fiber above a Heegner point. These
cycles are replacements for the notion of Gal(H/K)-conjugates of egeY and eg€Y (recall that
Gal(H/K) = Pic(Ok)). The latter do not exist as cycles on X, as X is not (generally) defined over
K. In particular, we have egeY OK = egeY..

The cycles egeY® and egeY® are homologically trivial on X (Corollary IV.5), so they lie in the
domain of the p-adic Abel-Jacobi map

:CH™™(X)ox — H' (H,V),

where V' is the Gal(H /H)-representation Hz 2*~1(X,Q,)(r +k). (See Chapter 5.2 for a definition
of ®.) We will focus on a particular 4-dimensional p-adic representation Vy 4 ¢, which is a quotient
of V. V} 4, is an F-vector space, where F'/Q, is the field obtained by adjoining to Q,, the coefficents
of f and the coefficients of the Hecke character attached to A. As a Galois representation, Vy 4 ¢ is
ordinary (Theorem VII.2) and is closely related to the p-adic realization of the motive f ® O, (see
Chapter IV). After projecting, one obtains a map

(OF CHT+k(X)O,K - Hl(Hv Vf’A$Z)7

which we again call the Abel-Jacobi map. For any ideal a of K, define 2§ = & 7(epeY®) and
Z§ = ©y(epeY?). As before we write zy = Z?K and Zy = 2}9".

The image of ®; lies in the Bloch-Kato subgroup H}(H,Viar) © H'(H,Vf ) (Theorem
IV.6). If we fix a continuous homomorphism (x : Ay /K* — Q,, then [N2| provides a symmetric
F-linear height pairing

Ve 1 Hf(H, Viag) x Hf(H,Vya4) — F.

We can extend this height pairing @p—linearly to Hjlc (H,Via0)® (@p. The cohomology classes

—1za

Zﬁx = X(a)*lz;i‘ and 27 = x(a) 2}

depend only on the class A of a in the class group Pic(Og) (Lemma IV.10). Finally, set h =
#Pic(Ok) and
1
Zfx = T Z Zﬁx and  zpy =+ Z 2t
AePic(Ox) AePic(Ox)

both being elements of H} (H,V} 4,0)®Q,. Our main theorem relates (z¢ ,, 2,5 e, to the derivative
of a p-adic L-function which we now describe.

1.2.2 The p-adic L-function

Following [PR1], [N3], and the general construction of Hida, we construct a p-adic L-function
attached to f ® ©,. Recall, if f = > anq™ € M;(To(M),¢) and g = >, bnq™ € M (To(M),§), then
the Rankin-Selberg convolution is

L(f,g,8) = Lar(2s +2 = j — §/,4€) ) anbyn™,

n=1

where
Lr(s,06) = [ | (1= @& mp~)

prM

Let Ky /K be the Zf,—extension of K and let K, be the maximal abelian extension of K unramified
away from p. In Chapter 2, we define a p-adic L-function L,(f ® x)()\), which is a Q,-valued
function of continuous characters

A Gal(Ky/K) — 1+ pZ,,.



The Iwasawa function L,(f ® x) is the restriction of an analytic function on
Hom(Gal(K,/K),C),
which is characterized by the following interpolation property: if
W: Gal(K,/K) — C}
is a finite order character of conductor f, with Nj = p®, then
Ly(f @ x)W) = CraW(N)XW(D)r (X W)V, (f, X WL(f, Oz 7 + k)

with

o 2r—k=Dlr+ k1)
Ik (47r)2T()ép(f)ﬁ<f, f>N 7

and where a,(f) is the unit root of x? — a,(f)x + p* =1, {(f, f)n is the Petersson inner product,
D= (\/5) is the different of K, GW is the theta series

Oow = 2, (@,
(a,f):l

T(xW) is the root number for L(0,yy, s), and

(XW)(]J) r—k—1 (XW)(F) r—k—1
Il (-5 ) (-5 )

Recall we have fixed a continuous homomorphism £ : A /K* — Q,. We define L}, (f®x, lx, 1)
as in 1.1.2. With these definitions, we can finally state our main result.

Theorem 1.7. If x is an unramified Hecke character of K of infinity type (2k,0) with 0 < 2k < 2r,
then

2
’“’“) h{zpxs 21,5005

0 @t 1) = 0 (1= X ) S

plp

where h = hg s the class number and u = %#(’)IX(.

Remark 1.8. When k = 0 the cycles and the p-adic L-function simplify to those constructed in [N3],
and the main theorem becomes Nekovai’s formula, at least up to a somewhat controversial sign. It
appears that a sign was forgotten in [N3, I1.6.2.3], causing the discrepancy with our formula and
with Perrin-Riou’s as well. Perrin-Riou’s formula [PR1] covers the case k = 0 and r = 1.

In the last two chapters of this thesis, we also compute archimedean heights of generalized
Heegner cycles and sketch a proof of a special value formula for the derivative L'(f, x,r + k) of
the complex L-function. This formula is analogous to the formula in Theorem 1.7 and generalizes
Theorem 1.3 to Hecke characters of higher weight. We defer to a separate paper the technical aspects
of the proof, and instead focus on the heart of the computation, which is the computation of the
local heights at the infinite places. One of course needs to compute local heights at finite places as
well, but these computations are essentially identical to our local p-adic height computations (at
places away from p). We refer the reader to Chapter X for a description of our archimedean results.

1.2.3 Applications

Theorem 1.7 implies special cases of Perrin-Riou’s p-adic Bloch-Kato conjecture. The assumption
that A is isogenous to all its Gal(H/K)-conjugates implies that the Hecke character

'I/JHIAI);—>CX,



which is attached to A by the theory of complex multiplication, factors as ¥y = 1o Nmp i, where
1 is a (1,0)-Hecke character of K. Assume for simplicity that xy = 9, and set xg = % and
Gy := Gal(H/H). Then the Gpg-representation V¢ a,e is the p-adic realization of a Chow motive
M(f)m ® M(xm). Here, M(f) is the motive over Q attached to f by Deligne, and M(xx) is a
motive over H (with coefficients in K) cutting out a two dimensional piece of the middle degree
cohomology of A*. In fact, the motive M (xz) descends to a motive M (x) over K with coefficients in
Q(x). We write Vy, for the p-adic realization of M (f)x ®M/(x), so that V}, is a G-representation
whose restriction to Gg is isomorphic to V4. In fact, V;, = x ® X, where we now think of x as
a Q(x) ® Qp-valued character of Gg. It follows that

L(Viso) = LU ) L0 %05) = LU xo8)2.
The Bloch-Kato conjecture for the motive M (f)x ® M(x) over K reads
dim H} (K, V) = 2 ords—p ik L(f, X, 5).
Similarly, Perrin-Riou’s p-adic conjecture [Co, 2.7] [PR3, 4.2.2] reads
(1.2) dim Hj (K, Vy,y) = 2-ordx=1 L(f, X, {x, A),

where {k is the cyclotomic logarithm and the derivatives are taken in the cyclotomic direction. In
Chapter VIII, we deduce the “analytic rank 1” case of Perrin-Riou’s conjecture by combining our
main formula with the results of Elias [E] on Euler systems for generalized Heegner cycles:

Theorem 1.9. If L), (f ® x, ¢k, 1) # 0, then (1.2) is true, i.e. Perrin-Riou’s p-adic Bloch-Kato
conjecture holds for the motive M (f)x ® M (x).

Remark 1.10. Alternatively, we can think of z¢, (resp. zyy) as giving a class in H}(K7 Vi ®x)
(resp. H}(K,Vy ® X)), and note that L(Vy ® x,s) = L(f,x,s) = L(V; ® X, s). The Bloch-Kato
conjecture for the motive f ® x over K then reads

dim Hjlc (K, Vf (9] X) = Ords=r+kL(f7 X5 S)v

and similarly for ¥ and the p-adic L-functions.

We anticipate that Theorem 1.7 can also be used to study the variation of generalized Heegner
cycles in p-adic families, in the spirit of [Ca] and [Ho]. Theorem 1.7 allows for variation in not just
the weight of the modular form f, but in the weight of the Hecke character x as well.

1.2.4 Related work

There has been much recent work on the connections between generalized Heegner cycles and
p-adic L-functions. Generalized Heegner cycles were first studied in [BDP1], where their Abel-
Jacobi classes were related to the special value (not the derivative) of a different Rankin-Selberg
p-adic L-function. Brooks [Br] extended these results to Shimura curves over Q and recently Liu,
Zhang, and Zhang proved a general formula for arbitrary totally real fields [LZZ]. In [D], Disegni
computes p-adic heights of Heegner points on Shimura curves, generalizing the weight 2 formula
of Perrin-Riou for modular curves. Kobayashi [Kob] extended Perrin-Riou’s height formula to the
supersingular case. Our work is the first (as far as we know) to study p-adic heights of generalized
Heegner cycles.

1.2.5 Assumptions

We review all our assumptions and comment on the extent to which they may be relaxed.

e We have assumed N > 3 for the sake of exposition. For N < 3, the proof should be modified to
account for the lack of a fine moduli space and extra automorphisms in the local intersection
theory. These details are spelled out in [N3] and pose no new problems.



e We have assumed D is odd, as is traditional in this area. If D is even, various computations
become more complicated, but are presumably not fundamentally more difficult.

e We have assumed x is unramified. It should be straightforward to allow for unramified Hecke
characters twisted by finite order ring class field characters. One does not necessarily expect
a special value formula for more general x, i.e. if x| Al is not a power of the norm, since then

X is not central critical with respect to f.

e One should be able to prove similar kinds of formulas when f has odd weight, or more generally
if the nebentypus of f is non-trivial. But there will be restrictions on both the infinity type
of x and the Dirichlet character attached to x, again coming from the condition of central
criticality. For example, if f has odd weight, then y will necessarily be an infinite order Hecke
character.

e It would be worthwhile to relax the condition (NN, D) = 1, as one could then consider f with
CM by K. The issue is that the p-adic L-function computations in this case become rather
messy (this case was also avoided in [PR1] and [N3]).

e It would also be worthwhile to combine the methods here with the work of Disegni [D], i.e. to
remove the Heegner hypothesis assumed in this paper. His adelic construction of the p-adic
L-function is more amenable to generalization than our more classical approach, which is one
reason why we have not pursued some of the strengthenings alluded to above.

e The assumption that p splits in K is important for the proof, but presumably can be removed
a fortiori. This would follow from an argument similar to [Kob, proof of Theorem 5.9], but
requires the archimedean height formula for generalized Heegner cycles.

e One might try to remove the assumption that f is ordinary, using Kobayashi’s approach [Kob]
in the weight 2 case as a guide. However in higher weight there are some non-trivial technical
issues to deal with in the computation of the local p-adic heights at places above p.

e Our assumption that A™ = A implies that the lattice corresponding to A is 2-torsion in the
class group. This is convenient for proving the vanishing of the p-adic height in the anti-
cyclotomic direction, and plays no other role in our proof (in particular, the proof in the
interesting case where {f is cyclotomic does not use this assumption). One should be able to
prove the theorem without this assumption by making use of the functoriality of the height
pairing to relate heights on X to heights on X7, but we omit the details. Ultimately, the
choice of auxiliary elliptic curve does not matter much and we should just choose A as in
Remark IV.1.

1.2.6 Sketch of proof

This rough sketch will assume £ is the cyclotomic character, because we show in IV.13 that
both sides of Theorem 1.7 vanish when ff is an anticyclotomic logarithm. We therefore drop /g
from the notation. Again to ease notation, we assume Pic(O) is trivial.

Following Hida, Perrin-Riou, and Nekovaf, we construct a p-adic L-function L,(f, x, A) roughly

of the form
L,(f,x,\) =Ly <J Ad@) .
Gal(Ko0/K)

Here dV is a p-adic measure, constructed from Eisenstein and theta measures (mimicking the
Rankin-Selberg convolution), and valued in p-adic modular forms. The operator L is the compo-
sition of Hida’s ordinary projector lim;_,q U;,:(J P with a p-adic analogue of taking the Peterson
inner product with f. It follows that Lj,(f, x,1) = Ls(G) for some p-adic modular form G.

We then want to compare the two p-adic modular forms

G and F = Z(GYg,EYg>Nek g
g
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where the sum is over newforms of level dividing N. In fact, to prove the theorem we need to show
that L;(G) = Ly(F). For m > 1 and prime to N, the mth coefficient of F is

a’m(F) = <£U, Tme>Neka

where x is the projection of ®(¢Y) onto H}(H, @®yVy,4.0), i.e. we project onto the space of all
modular forms, not just our chosen eigenform f (and similarly for z).

By an argument of Nekovai using Cebotarev’s density theorem, it is enough to compare mth
Fourier coefficients only for those integers m such that there is no ideal in Ok of norm m (this is
the condition 74(m) = 0 in [GZ]). This condition amounts to saying that the cycles Y and T;,,Y
do not intersect in the generic fiber. We can therefore decompose the global p-adic height into a
sum of local heights, one for each finite place of H:

am(F) = e (F) +  dn(F)
= Z<x7 Tmi'>v + Z<m7 Tmi‘>v
vip vlp

Note that p-adic heights do not have a contribution from infinite places of H. Morally speaking,
the local p-adic heights at places above p replace the local archimedean heights at infinite places
(both are very hard to compute in general).

After much computation (representing a large part of this thesis, and building off the work in
[GZ], [PR1], and [N3]), we show that a,,(G) and ¢,,(F) are “essentially equal” (i.e. they are equal
for the purposes of this sketch). Thus it suffices to show that

(1.3) Ly (2 dm(F)qm) —0.

This part of the argument relies heavily on the fact that p splits in K. The point is that the
local archimedean heights at such primes p are easily seen to vanish (c.f. [GZ, III]), and so it is
not surprising that we still get the equality a,,(G) = ¢, (F) when we remove the p-adic height
contributions from primes above p.

By a clever trick of Perrin-Riou using the norm-coherency of Heegner points, one reduces the
proof of (1.3) to showing that for any place v above p,

]higlo <va bpi >U =0,

where b,; is the norm of a generalized Heegner cycle of conductor 1’ defined over the ring class
field of conductor p’, and x; is the f-isotypic component of x. In other words, we must show that
certain height pairings become more and more divisible by p as we move up the local ring class field
tower. We do this in Chapter IX by fixing an approach suggested in [N3, IL.5]. The key new inputs
are local class field theory (via relative Lubin-Tate groups) and comparison isomorphisms in p-adic
Hodge theory.

Roughly, we show that certain Galois representations (“mixed extensions”) needed to compute
the local height pairings are crystalline when r4(m) = 0. The key ingredient is Theorem IX.10
which relies on Faltings’ proof of Fontaine’s Cys conjecture. This theorem (or rather, its proof)
is quite general and should be useful for computing p-adic heights of algebraic cycles sitting on
varieties fibered over curves. Returning to our context, it follows that the height pairing is a
logarithm of a norm of unit in a ring class field. As the ring class field gets larger, the logarithm
gets more divisible by p, and in the limit the height pairing goes to 0.

The remarkable aspect of the general approach outlined above (which is due to Perrin-Riou)
is that it proves a formula for the global p-adic height without ever actually computing the local
heights at p. This suggests that p-adic height formulas are more accessible than archimedean height
formulas, for which explicit and often messy computations with Green’s functions seem unavoidable
(cf. the last chapter of this thesis). Of course, if this strategy is to work in greater generality
(e.g. on higher dimensional Shimura varieties) then one still needs to prove that the contribution
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from local heights at p vanishes. Perrin-Riou’s proof in weight 2 relies heavily on the fact that
the Galois representations at hand are Tate modules of abelian varieties or 1-motives. In higher
weight, the proof uses more machinery, and required us to show that certain less accessible Galois
representations are crystalline. Our hope is that the computations in Chapter IX will encourage
further development of the necessary p-adic Hodge theoretic machinery needed for p-adic height
pairings in situations even more general than ours (where we only consider algebraic cycles lying
in fibers over a curve).

In the final two sections we present computations toward the archimedean special value formula
for f ® x. Since the local archimedean heights at finite places are essentially already computed in
earlier chapters, the crux of the matter is computing the local heights at infinity and comparing
them to the analytic kernel (which we compute in Chapter X). The Green’s functions and heights at
infinity are computed in the final Chapter XI. The Green’s functions we construct are eigenfunctions
for the usual weight +¢ Laplacian on the upper half plane, with a simple transformation property
under the diagonal action of SLy(R). These eigenfunctions might be of independent interest. At
the end of the section, we sketch how to deduce an archimedean special value formula, at least
assuming the modularity of certain generating series of height pairings.

1.2.7 Document outline

The proof of Theorem 1.7 follows [N3] and [PR1] rather closely. We have therefore chosen not
to dwell long on computations easily adapted to our situation.

We define the p-adic L-function L,(f ® x,A) in Chapter II and show that it vanishes in the
anticyclotomic direction. In Chapter III, we integrate the p-adic logarithm against the p-adic
Rankin-Selberg measure to compute what is essentially the derivative of L,(f ® x) at the trivial
character in the cyclotomic direction. In Chapter IV, we define the generalized Heegner cycles and
describe Hecke operators and p-adic Abel-Jacobi maps attached to the variety X. After proving
some properties of generalized Heegner cycles, we show that the RHS of Theorem 1.7 vanishes when
Lk is anticyclotomic.

In Chapter V, we recall the definitions of Nekovai’s local p-adic heights. In Chapter VI we
compute the local cyclotomic heights of z; at places v which are prime to p. In Chapter VII, we
prove that V¢ 4, is an ordinary representation. We complete the proof of the main theorem in
Chapter VIII, modulo the results from Chapter IX. The latter is where we fix a technical issue in
the proof in [N3, IL.5], to complete a proof of the vanishing of the contribution coming from local
heights at primes above p.

Chapters X and XI contain the archimedean computations described above.



CHAPTER I1

Constructing the p-adic L-function

We fix once and for all an embedding ¢ : Q — @p. Recall f = Zn>1 anq™ € Sor-(To(N))
is a normalized newform which we assume to be ordinary, i.e. t(ap) is a p-adic unit. As in the
introduction, x : Ax — C* is an unramified Hecke character of infinity type (2k,0) with 0 < 2k =
¢ < 2r. This means

(- x-2y) = x(z) - 2.2%,  forallae KX,z € K.

If a is a prime ideal of O, then we follow the usual convention and write x(a) for x(m,), where
e € K < A is a uniformizer at a. Extending multiplicatively, we may think of x as a character
of the group of fractional ideals of K satisfying x(a) = o2* if a = (a) is a principal ideal. For more
on Hecke characters, see [BDP1, §4.1].

All that follows will apply to x of infinity type (0, 2k) with suitable modifications. In this section,
we follow [N3, 1.3-5] and define a p-adic L-function attached to the pair (f, x) which interpolates
special values of certain Rankin-Selberg convolutions.

2.1 p-adic measures

We construct the p-adic L-function only in the setting needed for Theorem 1.7; in the notation
of [N3], this means that Q) = 17N1 = N2 = Cl = C2 = C = 17N3 = Né = N,A = Al = A2 =
|D|,As =1, and v = 3 = 0. We begin by defining theta measures.

Fix an integer m > 1 and let O,,, be the order of conductor m in K. Let a be proper O,,-ideal
whose class in Pic(O,,) is denoted by A. The quadratic form

Qa(z) = N(z)/N(a),
takes integer values on a. Define the measure © 4 on Z; by
(2.1) ©.4(a(mod p”)) = x(a)~" > ztqQe).
Qa(2)=a (mod p*)

To keep things from getting unwieldy we have omitted x from the notation of the measure. If ¢ is
a function on Z/p”Z with values in a p-adic ring A, then

(2:2) O4(0) = x(@) " Y ¢(Qa())2 g = x(@)" Y] ¢(n)pa(n, O)q",

TEQ n=1

where pq(n,£) is the sum > #¢ over all z € a with Q4(z) = n. We have

Pa-(v) (na f) = ﬁepa (n’ f),

12
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for all v € K*, so that © 4 is independent of the choice of representative a for the class A. For
ac A,

(2.3) X@ Y #q @ =w > x(@)gN = wy Y ran(n)g”,
TEQ deA n=1
acO,,

since ¢ is a multiple of w,, (recall x is unramified). The coefficients 74, (n) play the role of (and
generalize) the numbers r 4(m) that appear in [GZ] and [N3].

Proposition I1.1. © 4(¢) is a cusp form in My 1(T1(M), A), with M = lem(|D|m?, p?”).

Proof. 1t is classical [Og] that > . #%¢%*(®) is a cusp form in My (I'1(|D|m?)). It follows from
[Hi, Proposition 1.1] that weighting this form by ¢ gives a modular form of the desired level. I

For a fixed integer C' prime to N|D|p, define the Eisenstein measures

Ey(a(mod p))(2) = E1(2, Papv)
EY (a(mod p"))(2) = Ei(a(mod p"))(2) — CE1(C~ a(mod p"))(2),

where
Biamod p)(:) = 5E0.0) + Y san(j)e™,

7-m>0
j=a(mod p")

with notation as in [N3, 1.3.6]. Similarly, we define the convolution measure on Z,

©(a(mod p")) =

H Y, E@8u(aa(mod p"))(2)8; T H(ET (a(mod |DIp?)(N2)) | ,
a€(Z/|D|p¥Z)*

which takes values in Mo, (Do(N|D|p™); x(@)~'p~°Z,), for some & depending only on r and k [Hi,
Lem. 5.1]. Here, H is holomorphic projection, 6{*17’“ is Shimura’s differential operator, and £ is
the quadratic character (Q) For the definitions of H and 5{"“_1 for p-adic modular forms, see
[N3, 1.2-3] and [Hi, §5]. We are implicitly identifying Z, with the ring of integers of K, for a prime
p above p (which is split in K), so that x‘ € Z,, for all x € a.

Another measure \Ilﬂ is defined by

1
VG =5—2% T(D)np,

2wy, 9

where
T(|D)Npe : Mo, (To (N|D|p*),-) — Mz, (To (Np™),-)

(IDI 0)
L\ 01

Let H,,/K be the ring class field of conductor m for K. This is an abelian extension of K,
unramified away from m, and corresponds via class field theory with the subgroup K XAIX(7OO(972 of

A /K*. The global reciprocity map identifies Gal(H,,/K) with the group Pic(O,,) of invertible
O,-ideal classes. For ring class field characters p : G(H,,/K) — Q ", define

o = Y p(lA) g,
[A]€Pic(Om)

is the trace map, i.e. the adjoint to the operator g — |D|" g

and similarly for \I/g.
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We define \Ilj(cip = Lfo(\I!g)7 where Ly, is Hida’s projector attached to the p-stabilization

——f(p2)

of f; recall a,(f) is the unique root of 2 — a,z + p?"~! which is a p-adic unit. Intuitively, Ly,
is the projection onto the space of ordinary forms, followed by projection onto “the fo-part” (the
p-adic version of taking a Peterson inner product with fp). See [N3, 1.2] for a proper definition and

properties. Explicitly, if g € M;(T'o(Np#); Q) with p > 1, then

: 0 -1
pi2=I\ P! s AN 7 Np#
Lsoto) = (%(f)) 0 —1 '
f(;— ] ( Np 0 > 7f0
J Np

Once more, we define a measure \Il?, this time on Gal(Hp»/K) x Gal(K (pp=)/K), by

(2.4)

U§ (0 (mod p™), 7 (mod p™)) = Ly, (VG (a (mod p™))),
where o corresponds to A and 7 corresponds to a € (Z/p™Z)* under the Artin map. Finally, as in

[N3], we define modified measures ¥g, \ilg, etc., by replacing .7 (|D|) with .7 (1) in the definition
of UG.

2.2 Integrating characters against the Rankin-Selberg measure

In this subsection, we integrate finite order characters of the Zg—extension of K against the
measures constructed in the previous section and show that they recover special values of Rankin-
Selberg L-functions. This allows us to prove a functional equation for the (soon to be defined)
p-adic L-function. We follow the computations in [N3, I.5] and [PR2, §4]. Let n denote a character
(Z/p*Z)* — Q*. Exactly as in [PR2, Lemma 7], we compute:

(2.5) j 0ddS = (1— CE(C)T(C)) HIOa(m)(2)8, " (Ey (N2 6))].

X
P

Similarly, if p is a ring class character with conductor a power of p,

(2.6) f 0dDC = wy, (1= CE(C)TA(C)) H[ORW") ()81 (E1(N2, )],

X
D

where W = p - (n o N), the latter being thought of as a character modulo the ideal f = lem(cond
p, cond 7,p). We denote by W the primitive character associated to W”. By definition,

O.W")(2) = >, W(a)x(a)gN®.
acO
(a,f)=1

This is a cusp form in Sy 1 (|D|Ng (), (2) 772), since  is unramified (see [Og] for a more general

result).
The computations of [N3, 1.5.3-4] carry over to our situation, except the theta series transfor-

mation law now reads
0 -1
(2.7 0, 0V")(2) ( ).
X 1\ DIP 0

7= (L) rwe,or)

w

£+1
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where .7 is the involution

0 -1 N Y
N|Dlp* 0 N|D|ptt N

with Nzw — |D|ptty = 1. We thus obtain

. oy (B) n?) (NM)An () DM ( D|)’“‘1 AL V)
(28) L nad¥y, = (1= GO G0, () y A
where 0 .
A(f)_<f8- 2T< Np 0 )af0>Np
and
" 7pu(r—1/2) T " 0 -1 r—k—1 ) >

M) =B (50| (pipe o' )77 (81 ) -
and Ay (f) is the Atkin-Lehner eigenvalue of f. Define 7(xW) by the relation
(2.9) @X(W)IM( |D(|)pa _01 ) = (=D ir(w)eg (W),

with |D|p? being the level A(W) of ©,(W). One knows ([M, Thm. 4.3.12]) that 7(xW) € Q*,
|[T(xW)| = 1, and B
AW, s) = TOW)A(W, L+ 1 — s),
where
AW, 5) = (IDIp?)"? (27) "D (5) L(Oy (W), 5).
Modifying the computations in [PR2, §4], we find that

(2.10) AV = (1) ir (o) > pla)x(@W(a)A,..s,
N(ngzps
with

N

prlr=3)=s(k+3

) )
(211) A= <fg,ex<w>

. (% )t Emea)

N|D|p+

and x =p— 5 —s.
Following [PR2, §4.4], we compute:
(2.12)

A V') = (“1Y i GOV V(oo W) (

r—1/2 B r D — k1) i
ip(f)> . +k(471r;‘2(” F D0 ) + k),

where

- _ OO =1 (1 = CNE) gy
V) = 1;[ (1 O‘N(p)(f)N(p) ) (1 aN(p)(f)N(p) ) '

We have used the fact that
o _1\r—k—1 _ | L. |
213) (700 B o)), = e B TR D g gy

for any g € Sor+1(M’,€), and where M = M’N. Equation 2.13 follows from the usual unfolding
trick and the fact [N3, 1.1.5.3] that

5B (2, ) = WEM(W).

We have also used the following generalization of [PR2, Lemma 23].
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Lemma I1.2. If g is a modular form whose L-function admits a Euler product expansion Hp Gp(p™?),
then

L(fo,g,m + k) = Gy (0" " ey (/)1) L(f, 9,7 + F).
Finally, we also have [N3, I1.5.7]

ap(£)HA) = AN (' Hy ()X D

Hy(f) = (lf(f;> (152@)1)

Putting all these calculations together, we obtain the following interpolation result.

with

Theorem I1.3. For finite order characters W = p - (no N) as above,

<1 ~-C <D> W(C))lL ndws = ﬁp(faX,W)Vp(f,X’W)A(W)T,l/Q,

¢ v ’ ap(f)ﬂHp(f)
where )
£y = () Wt ALERI LR,
and

2=1)"1(r —k— 1)(r + k — 1)!

C(?”, k) = (471_)2,,.

The modified measures \i/? , satisfy

| ndwg, =101 womio) | navs,

D ya

where D = (\/5) is the different of K.

2.3 Definition of the p-adic L-function

Recall we have fixed an integer C prime to N|D|p.

Definition II.4. For any continuous character ¢ : G(Hpx (up»)/K) — Q; with conductor of
p-power norm, we define

Lrexe =0 (2) (1-¢(2)eert) o o 25

The p-adic L-function L,(f ® x)(A) := Lp(f ® x, A) is a function of characters

A G(Hpe (pp )/ K) — (1 + pZy).

J——

L,(f ® x) is an Iwasawa function with values in ¢~1O where Q(f,x) is the p-adic closure

T Qfx)’
(using our fixed embedding Q — Q) of the field generated by the coefficients of f and the values

of x, and ¢ € Q(f, x) is non-zero.

We can construct analogous measures and an analogous p-adic L-function for ¥, which is a Hecke
character of infinity type (0,¢). There is a functional equation relating L,(f ® x) to L,(f ® X),
which we now describe. First define

Ap(F @ X)) = MDNHAN) 2Ly (f @ ) ().
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Proposition II.5. A, satisfies the functional equation

M0 = () o0 ().

Proof. Tt suffices to prove this for all finite order characters W. For such W, the functional equation
for the Rankin-Selberg convolution reads

2.14 L(f,0:(W k) = (%) W(N>L e, (W k
(2.14) (f;0x(W),r + )*W (f;Ox(W),r + k),
> Lo W) D

(AVERS _ e

EP(fa)va) _W(N) (N)

We also have V,(f, ¥, W) = V,(f,x, W), so that
2 -en (e
The proposition now follows from a simple computation. O
Recall the notation A7 (a) = A(a”), where 7 € Gal(K/Q) is complex conjugation.
Corollary I1.6. Suppose (%) =1 and X is anticyclotomic, i.e. AX™ = 1. Then L,(f ® x)(A) = 0.

Proof. From the functional equation and the fact that

Ap(f@X)(N) = Ap(f ®X)(AT),

we obtain

Ap(F@X)A) = =Ap(F @ X)(ATT).
Since A is anticyclotomic, this is equal to —A,(f ® x)(A). O



CHAPTER III

Computing the p-adic L-function

This section is devoted to computing the Fourier coefficients of SZX Ad¥ 4, where ) is a contin-
P

uous function Z; — Q,. When {f : A /K* — Q, is a cyclotomic logarithm, these computations
will allow us to relate Lj,(f ® x, £k, 1) to heights of generalized Heegner cycles. We follow the com-
putations in [N3, 1.6]; the main added subtlety is the transformation laws for theta series attached
to Hecke characters.

Recall that for each ideal class A € Pic(Ok), we defined

©4(a(mod p")) =

H Y, &@Ba(a’a(mod p))(2)d; T (EY (a(mod [D[p”))(Nz))
ae(2/{Dlp*2)*

For each factorization D = DDy (with the signs normalized so that D; is a discriminant), we
choose integers a, b, ¢, d and define

o) _ ( [Dila b
Wp, = ( N|Dlp*c |Di|d )
so that ng) has determinant |D;|.

Lemma III.1. For ng) as above and o € (Z/|D|p*Z)",

©.4 (a(mod p")) (2)

(v) |l)”k Y
Wp, = X(D1)7®Aafl (ID1la*a(mod p*)) (2),

£+1

7= (o) (awtey) 700

and Dy is the ideal of norm |D1| in Ok and k(D1) =1 if D1 > 0, otherwise x(D1) = 1.

where

| D [*

Remark II1.2. Note that the factor
X(D1)

2-torsion in the class group.

is equal to +1, since x has infinity type (2k,0) and D; is

Proof. The proof proceeds as in [PR1, §3.2], but requires some extra Fourier analysis. We sketch
the argument for the convenience of the reader. Fixing an ideal a in the class of A, we set L = p”a
and let L* be the dual lattice with the respect to the quadratic form @ = Nm(x)/Nm(a). Denote
by S = S, the symmetric bilinear form corresponding to Qq4, so Sq(a, ) = ﬁ@Tr(aB). For
u € L*, define

Oa(u, L) = x(@~" Y, wq?™.

w—ueL
weL*

18
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For any c € Z, one checks the following relations:

(3.1) Oax(u,L) = >, Oay(w,cL),
w—uel
weL*ch

(3.2) Oux(u,cL)(c?2) = ¢ Q4 (cu, *L)(2),

and for all @ € Z and w € L*,

(3.3) O, (w,cL) (z + %) =e (%Qa(w)) O, (w,cL).
We also have
B 00 (wnet) () =i LN e (Su(w) (D))

ye(cL)* /cL
This follows from the identity
35 Y Pl e(@ute )2~z 172 5 Pl (L) esutpa,
zeL yEL*

valid for any rank two integral quadratic space (L, Qq4, Sy) and any polynomial P of degree ¢ which
is spherical for Q4. See [Wa] for a proof of this version of Poisson summation.

Now write Dyl
W) _ D¢l O
WY — H( il 0 )

with H € SLo(Z). Exactly as in [PR1], we use the relations above to compute

Ouy(a(mod p¥))| H =~|Dy|~'/2 Z Z Oq(w, L)
£+1 uea/L weL* /L
Qa(u)=a(mod p”) w+au€D1’1pTu
so that
(S) d p¥ W(V) = ~|D k. (z\—1 _y QﬂD—l(w)
ax(a(mod p”)) b, =7ID1]"x(a) > w'q P
e+l weDfla
Qupy1 (w)=|D1|a’a(mod p")
|D1|k v
= X(D1)760D;17X (|D1|a2a(modp ) (2),
as desired. 0

For any function A on (Z/p*Z)*, we define hp, (\) as in [N3, 1.6.3], so that

LAd\ifA=2i Y th()\)%((l) |1§1).

» W p=D. D, jez/[D:|Z
The Fourier coefficient computation in [N3, 1.6.5] remains valid, except one needs to use the following
proposition in place of [N3, 1.1.9]:
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Proposition IIL.3. Let f = , _,a(n)q" be a cusp form of weight £ +1 = 2k + 1, and g =
D=0 b(n)q" a holomorphic modular form of weight one. Then H(for % 1(g)) = Dz c(n)g™ with

_1\yr—k-1 71—
c(n):(l)inr_k_l > a(i)b(j)Hrm,k< j)v

2r—2 - -
(o) iti=n t+
where
1 d m+2k ) o
Hy, 1i(t) = 2 (m + 2)! (dt) (" —=1)™(—1)"]
Proof. From [N3, 1.1.2.4, 1.1.3.2], we have
(r—k—1)! (47n)>—1 Ny Jw N k—
= . b ke 4 ™y, T+ ld
c(n) (a1 @9l A a(i)b(j) L Pk 1(4mjy)e Yy Y,
where
_ < (m) (=)
pm(x)_;()(a) a! .
The integral is evaluated using the following lemma.
Lemma I11.4. Let m,k > 0. Then
* e + 2k)! i—3j
o (4707 —4m(i+j)y m+2l~cd _ (m H,,
JO pm(4mjy)e Y Y= g gy Ame 5

Proof. Evaluating the elementary integrals, we find that the left hand side is equal to

m)! G j
(@i + )y T )

where .
(m + 2k + a)!
G t) = 1)t t"
m,k( ) ;O( ) (a')g(m — a)'
It therefore suffices to prove the identity
m + 2k)!
(3.6) Gm k(t) = (mi')Hm,k(l — 2t).

This is proved by showing that both sides satisfy the same defining recurrence relation (and base
cases). Indeed, one can check directly that for m > 1:

(3.7)  (m+1D2(m+ k)G x(t) =
(2m + 2k + 1)[m? + m + 2km + k — (m + k) (2m + 2k + 2)t]G., 1 (1)
—(m+k+1)(m+ 2k)2Gp1.1(t).

That the right hand side of (3.6) satisfies the same recurrence relation amounts to the well
known recurrence relation for the Jacobi polynomials

P(a’ﬂ)t:(il—t’al P ——[1 =1+t —)"].
(D) = (=) (1 )P [ =00+ (- )7
Indeed, we have

Hpso(t) = 225 POT20 (1)1 4 ) 2%,

m+2k
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and one checks that the recurrence relation
2(n+1)(n+ B+ 1)(2n+ PGP (1) =
(2n + B+ 1D)[(2n + 8+ 2)(2n + B)t — B2 PLOA) (1)
—om(n+B)(2n + B+ 2)P%D 1)

translates (using n = m+2k and 8 = —2k) into the recurrence (3.7) for the polynomials (m+2k)! H,, k(1—

m!

2t). 0

Finally, to prove the proposition, we simply plug in m = r — k — 1 into the previous lemma and
simplify our above expression for ¢(n). O

Recall that for any ideal class A, we have defined

rax(i) =, xla).

acA
acO
N(a)=j

Putting together Lemma III.1, Proposition 11.6, and the manipulation of symbols in [N3, 1.6.5], we

obtain
: <J><> ()5, R 2

r—k—1 D=D1 D> j+nN=|Di|m
(p,g)=1

Z r DQ D1 \ m|D1| —nN
ar o | Da|n/d | Difd?

(p,d) 1
2nN
He e l1=-221.
ek ( m|D1|)

Lemma III.5.
rApl—l,X(j) = X(D2)_17"A,x(j‘D2|)’

Proof. Since D; is 2-torsion in the class group, the left hand side equals 7 4p, ,(j). The lemma now
follows from the definitions once one notes that b — bDs is a bijection from integral ideals of norm
j in AD; to integral ideals of norm j|Ds| in AD. O

Using the lemma and also the change of variables employed in [N3], we obtain our version of
[N3, Proposition 6.6].

Proposition II1.6. If p|m, then

- ( [ ; Ad\ifA> - ((_1))mk ()1 % raamipl =)

—k—1 m|D]|
r 1Sn<
(pn)=1

2nN m|D| —nN d?
H‘f’“( |D|>Z€A ( D] n>

where e4(n,d) =0 if (d,n/d,|D|) > 1, otherwise

i = (2) (22) (s2).

where (d,|D]) = |Ds| and D = D1 Ds.
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Proof. The proof is as in [N3]. We have also used the fact that x(D) = D* to get the extra factor
of [D|=% and the correct sign (recall that D is negative!). O

Corollary II1.7. If (%) =1 and p|m, then

m (J log,, d\i/A> =
ZX

P

—1) 2nIN
TR ran(m|D| — nN)oa(n)H, 1 (1 " miD| ) ’
(rfkfl) ISnS% m

(p,n):l

with n
oaln) = ZG_A(TL, d)log, (ﬁ) .

d|n

Proof. As in [PRI1]. O



CHAPTER IV

Generalized Heegner cycles

In the previous section we computed Fourier coefficients of p-adic modular forms closely related
to the derivative of L,(f,x) at the trivial character and in the cyclotomic direction. We expect
similar looking expressions to appear as the sum of local heights of certain cycles, with the sum
varying over the finite places of H which are prime to p.

These cycles should come from the motive attached to f ® ©,. Since ©, has weight 2k + 1,
work of Deligne and Scholl provides a motive inside the cohomology of a Kuga-Sato variety which
is the fiber product of 2k — 1 copies of the universal elliptic curve over X;(|D]). Instead of using
this motive, we work with a closely related motive, which we describe now.

We fix an elliptic curve A/H with the following properties:

1. Endgy(A) = Ok.

2. A has good reduction at primes above p.

3. A is isogenous to each of its Gal(H /K )-conjugates.
4. A™ ~ A, where 7 is complex conjugation.

Remark IV.1. Since D is odd, we may even choose such an A with the added feature that 1% is an
unramified Hecke character of type (2,0) (see [R]). In that case, %" differs from y by a character
of Gal(H/K), so this is perhaps the most natural choice of A, given x. In general, ¥/2*y~1 is a
finite order Hecke character.

We will use a two-dimensional submotive of A% whose ¢-adic realizations are isomorphic to
those of the Deligne-Scholl motive for © 2 (see [BDP2]).

From Property (3), A is isogenous to A” over H for each o € G := Gal(H/K). If o corresponds
to an ideal class [a] € Pic(Of) via the Artin map, then one such isogeny ¢, : A — A7 is given by
A — A/A[a], at least if a is integral. A different choice of integral ideal o’ € [a] gives an isomorphic
elliptic curve over H, and the maps ¢, and ¢, will differ by endomorphisms of A and A°.

As in the introduction, let Y/ (N)/Q be the modular curve parametrizing elliptic curves with full
level N structure, and let £ — Y (IV) be the universal elliptic curve with level N structure. The
canonical non-singular compactification of the (2r — 2)-fold fiber product

& XY (N) *** XY(N) g,

will be denoted by W = Wa,._5 [Sc]; W is a variety over Q. The map W — X (V) to the compactified
modular curve has geometric fibers (over non-cuspidal points) of the form E?"~2, for some elliptic
curve F. We set

X =X, N =Wy x A%,

where Wy is the base change to H. Recall the curve Xo(N)/Q, the coarse moduli space of gen-
eralized elliptic curves with a cyclic subgroup of order N. Xy(N) is the quotient of X(N) by the
action of the standard Borel subgroup B ¢ GLg (Z/NZ) /{£1}.

23
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The computations of the Fourier coefficients in the previous section suggest that we consider
the following generalized Heegner cycle on X. Fix a Heegner point y € Yo(N)(H) represented by
a cyclic N-isogeny A — A’, for some elliptic curve A’/H with CM by Og. Such an isogeny exists
since each prime dividing N splits in K. Also let § be a closed point of Y (N) g over y. The fiber
Ej of the universal elliptic curve £ — Y (N) above the point § is isomorphic to Ap, where F' > H
is the residue field of g. Let

ACE@XAFEAFXAF

be the diagonal, and we write I' 5 < Ej x Ej for the graph of VD € End(Ej;) = Og. We define

Y =727 A% Xy = AT 7% x AR,
so that Y € CHF"(X ). Here Xj is the fiber of the natural projection X — X (N) above the point
9.

Since X is not defined over Q, we need to find cycles to play the role of Gal(H/K)-conjugates
of Y. For each o € Gal(H/K) we have a corresponding ideal class A. For each integral ideal a € A,
define the cycle Y* as follows:

Yo =TT (T5 ) < (A% x A% F 71 x (A% x Ap)™ = Xgo © Xp,

Here, Ffba is the transpose of I'y_, the graph of ¢ : A — A®. The cycle Y* e CHk“(XF) is not
independent of the class of a in Pic(O), but certain expressions involving Y* will be independent
of the class of a. Note that Y = YO«

Remark TV.2. Alternatively, we could have worked with a variety over K whose complex points are

we)x  [] A%,

oceGal(H/K)

and which does have an action of Gal(H/K). In some ways this is a more natural variety to work
with (and we expect a similar height formula holds), but we found the height computations to be
simpler on our X

4.1 Projectors

Next we define a projector € € Corr’(X, X)x so that €Y'® lies in the group CHT"Lk(XF)O’K of
homologically trivial (r + k)-cycles with coefficients in K. Here, Corr” (X, X)x is the ring of degree
0 correspondences with coefficients in K. For definitions and conventions concerning motives,
correspondences, and projectors see [BDP2, §2].

The projector is defined as € = ex = ey ep. Here, ey is the pullback to X of the Deligne-Scholl
projector €y € Q[Aut(W)] which projects onto the subspace of H?"~!(W) coming from modular
forms of weight 2r (see e.g. [BDP1, §2]). The second factor ¢, is the pullback to X of the projector

®¢ o ®F
€ = (W) ° (12[1]) e Corr®(A°, Ak,

denoted by the same symbol. The projector € € CorrO(A,A) K projects onto the 1-dimensional
Qp-subspace V, A of Hi(A, @p) =~ V,A. Here, p is the prime of K above p which is determined by
our chosen embedding K—Q, and

VoA = (Lgn A[P"]) Rz, Qp

is the p-adic Tate module of A. Hence, on the p-adic realization of the motive M4« g, €, projects
onto the 1-dimensional Q,-subspace of

Hélt ("217 Qp)®2k(k) = Hgtk (A%’ Qp(k))
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corresponding (after dualization and twist) to (V;,A)®?*. See Chapter VII and [BDP2, §1.2] for
more details.
We also make use of the projectors

N ®t 11\ ®
€ = <\/52\/%/5]> ) (1 2[ 1]> ECorrO(AZ,Ae)K

and Ky = €y + €. The first projects onto V}gAW and the latter onto V},A®£ @ V5A®£. Set € = ey éy
and € = ewry.
Remark IV.3. For this remark, suppose that y = 1¢, where 1 is the (1,0)-Hecke character attached
to A by the theory of complex multiplication. Recall that this means the G y-action on H!(A, Q,)(1)
is given by the (K ®Q,)*-values Galois character 95 = Y oNmpy . If we write xg = ¥4, then the
motive M (xg) over H (with coefficients in K') from Section 1.2.3 is defined by the triple (A% kg, k).
We explain how to descend this to a motive over K with coefficients in Q() (this a modification
of a construction from an earlier draft of [BDP2]). Let ex and eéx be the idempotents in K ® K
corresponding to the first and second projections K ® K =~ K x K — K. For each o € Gal(H/K)
choose an ideal a € Ok corresponding to o under the Artin map and define

D(0) i=ex - (¢a X -+ X ¢a) ® x(a) " € Hom (A%, (49)7) ®q Q(x)
[(0) i=ex - (¢a x -~ X ¢a) @ X(a) "' € Hom (4, (49)7) ®q Q(x)-
Since x(ya) = v*x(a) and ¢4 = Yoq, these definitions are independent of the choice of a. Moreover,
[(o7) = (o) o (1)
and similarly for I'. We set
A(0) = ko (D(o) + T(0)) 0 w7 € Corr(A", (A7)")q ®g Q(x)-

Then the collection {A(0)}, gives descent data for the motive M (xg) ® Q(x), hence determines a
motive M () over K with coefficients in Q(x). The p-adic realization of M (x) is x @ x where x is
now thought of as a Q(x) ® Q,-valued character of G.

Returning to the general situation, we define the sheaf £ = j, % on X (N), where
% = Sym* (R f,Qp) (r — 1) ® ke HE (A%, Qy(K)),

and j: Y(N) — X(N) and f: £ — Y(N) are the natural maps. B B

From now on we drop the subscript ‘ét’ from all cohomology groups and set Z = Z xgpec 1 9pec k
for any variety defined over a field k. We also use the notation Vx = V ® K, for any abelian group
V.

Theorem IV.4. There is a canonical isomorphism
HYX(N),L(1)) = €H* 21X, Q,)(r + k) = € H*(X,Q,)(r + k).
Proof. See [N3, I1.2.4] and [BDP1, Prop. 2.4]. O

Corollary IV.5. The cycles €Y® and €Y® are homologically trivial on X, i.e. they lie in the
domain of the p-adic Abel-Jacobi map

@ CH ™ (Xp)ox — HY(F, H*" 21X, Q,(r + k))).
Proof. By the theorem, ¢ Y* is in the kernel of the map
CH™™MXp)kx — H*" " (Xp, Qp(r + k),

i.e. it is homologically trivial. Moreover, ¢ = e/ and € = &’'. Since Abel-Jacobi maps commute
with algebraic correspondences, it follows that €Y'® and €Y'*® are homologically trivial as well. [
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4.2 Bloch-Kato Selmer groups

Let F be a finite extension of Qy _(€ a prime, possibly equal to p) and let V' be a continuous
p-adic representation of Gp := Gal(F/F). Recall that V is said to be unramified if the inertia
subgroup Ir < G acts trivially on V. If £ = p, then V is crystalline if

dimp, (V ®q, Beris)©" = dimg, V,

where Fj is the maximal unramified extension of @, contained in F' and B.s is Fontaine’s ring of
crystalline periods.
The Bloch-Kato subgroup H}(F,V) ¢ H'(F,V) is then defined to be the kernel of

HY(F,V) - H'(F,V ® Beyis)-

For more details and some examples, see [BK]| or [N2, 1.12 and 2.1.4]. If £ # p (resp. £ = p) and
V' is unramified (resp. crystalline), then H}(R V) = Ex‘cl((@p7 V) in the category of unramified
(resp. crystalline) representations of G . In other words, H }(F , V) classifies isomorphism classes of
extensions which are themselves unramified (resp. crystalline). If instead F' is a number field, then
H}(F7 V) is defined to be the set of classes in H'(F, V) which restrict to classes in H}(Fv7 V) for
all finite primes v of F.

The Bloch-Kato Selmer group plays an important role in the general theory of p-adic heights
of homologically trivial algebraic cycles on a smooth projective variety X /F' defined over a number
field F. Indeed, Nekovai’s p-adic height pairing is only defined on H}(F ,V), and not on the
Chow group CH? (X ), of homologically trivial cycles of codimension j. Here V.= H* (X, Q,(j)).
This is compatible with the Bloch-Kato conjecture [BK], which asserts (among other, much deeper
statements) that the image of the Abel-Jacobi map

®: CH/(X)y — H'(F,V)

is contained in H}(F, V). The next couple of results follow [N3, II.2] and verify this aspect of
the Bloch-Kato conjecture in our situation, allowing us to consider p-adic heights of generalized
Heegner cycles. We also give a more concrete description of the Abel-Jacobi images of generalized
Heegner cycles in terms of local systems on the modular curve.

Denote by b(Y?) the cohomology class of €(Y?) in the fiber X, so that b(Y®) lies in

)G(F/F) )G(F/F)

CHY T2 (Xoo Qp(r + k — 1) = HY (57, %8

b

where again
B = Sym” 3 (R f,Q,)(r — 1) ® ke H?* ([1%, Qy(k)),

the sheaf on Y' (V). The isomorphism above follows from proper base change, Lemma 1.8 of [BDP1],
and the Kunneth formula. Similarly, let 5(Y?) be the class of €Y®. For the next result, let j :
Y (N) — X(N) be the inclusion.

Theorem IV.6. Set V = H?>"+2k=1(X Q,(r + k)).
1. V is a crystalline representation of Gal(H,/H,) for all v|p.
2. The Abel-Jacobi images z* = ®(eY*), 2% = ®(eY) € H'(F,V) lie in the subspace H} (F,V).

3. The element z%, thought of as an extension of p-adic Galois representations, can be obtained
as the pull back of

0— H'(X(N),jxB)(1) —» H'(X(N) - 57, jxB)(1) — H(57, %) — 0

by the map Q, — H° (377, 93) sending 1 to b(Y'®), and similarly for 2. In particular, 2* and
z% only depend on b(Y'*) and b(Y'®) respectively.
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Proof. (1) follows from Faltings’ theorem [F] and the fact that X has good reduction at primes
above p. (2) is a general result due to Nekovéar (Niziol also gave a proof), see [N4, Theorem 3.1].
To apply the result one needs to know the weight-monodromy conjecture for X (also known as the
purity conjecture). But this conjecture is known for W and A, so it holds for X as well [N4, 3.2].
We note that (2) is ultimately a local statement at each place v of H, and for v|p, the approach taken
in the proof of Theorem IX.10 below gives an alternate proof of this local statement. Statement
(3) can be proved exactly as in [N3, I1.2.4]. O

Definition IV.7. If F'/H is a field extension, then a Tate vector is an element in HO (g, )G (F/F)
for some yo € Y(N)(F). A Tate cycle is a formal finite sum of Tate vectors over F. The group of
Tate cycles is denoted Z(Y (N), F').

Let m : X(N) —» Xo(N) = X(N)/B be the quotient map, and as in [N3], define eg =
(#B)~! 2.gep 9, Which acts on X(N) and its cohomology. Set &/ = (s B)B, a(Y?) = epb(Y?),
and a(Y®) = egb(Y®). We define the group Z(Yy(N), F) of Tate cycles on Yy(N) exactly as for
Y (N), but with % replaced by «/. Let jo : Yo(N) — Xo(IN) be the inclusion. Note that a(Y'*) is
an element of Z(Y(N), H), not just Z(Y(N), F).

Proposition IV.8. The element
epev) e H' (H,H' (Xo(N), (o) ) (1)),

thought of as an extension of p-adic Galois representations, can be obtained as the pull back of

0~ H' (Xo(N), gt ) (1) = H' (Xo(N) = 57 jus? ) (1) = H (57, /) = 0
by the map Q, — H° (y°, /) sending 1 to a(Y*). In particular, ®(egeY*) only depends on a(Y*).
Similarly, ®(egeY®) depends only on a(Y'?).

In fact, for any field F//H one can define a map
dr : Z(Yo(N), F) — HY(F, H' (Xo(N), jos?) (1)),

by pulling back the appropriate exact sequence as above. We then have ®(egeY®) = &1 (a(Y'?))
and ®(epeY®) = Op(aY'®). For more detail, see [N3, I1.2.6].

4.3 Hecke operators

The Hecke operators on Ws,._o from [N3] pull back to give Hecke operators T, on X. The
T, are correspondences on X; they act on Chow groups and cohomology groups and commute
with Abel-Jacobi maps. To describe the action of the Hecke algebra T on Tate vectors, we need to
say what T}, does to an element of H°(go,.27)“"/F) for an arbitrary point yo € Xo(N)(F), F an
extension of H. Such an element is represented by a triple (E, C,b) where E is an elliptic curve, C
is a subgroup of order N, and

be Sym™(H'(E,Q,))(r — 1) ® ke H** (A, Q,) (k).
As the Hecke operators are defined via base change from those on Ws,_o, we have:

Tn(E,Cib) = >, (E,MC), (A" x id)«(b)),

NE—E'
deg(X)=m

where we are using the map A\ x id : BV x A! — E" x A

Now set Vi a¢ = ege’V = HY(Xo(N), (jo)«<)(1), a subrepresentation of V. Then 2% :=
®(epeY®) lands in the Bloch-Kato subspace H}(H7 Viae) © HY(H,V, o), by Proposition IV.6.
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For any newform f € S5, (I'g(N)), we let V 4 ¢ be the f-isotypic component of V. 4, with respect
to the action of T. By this, we mean

Viae =V ®q,r) kel (A,Qp(k))q, (1),

where Vy < V. 4 is the Galois representation (with coefficients in the p-adic field Q,(f)) attached
to f (see e.g. [N3, I1.2.11]).
Consider the f-isotypic Abel-Jacobi map

Dy CHTJrk(X)o,K - H}”(Hv Vi),

and set 2} = @¢(epeY®) and 2} = Py(epeY’?).
As is shown in Chapter VII, the p-adic representation V¢ 4, is ordinary and satisfies Vi 40 =
V4 (1). The results of [N2] therefore give a symmetric pairing

(et Hi(H, Vi) x Hi(H, Vi a0) = Qp(f),

depending on a choice of logarithm ¢y : Aj;/H* — @, and the canonical splitting of the local
Hodge filtrations at places v of H above p. We will always assume ¢y = {x o Nmp i for some
Uk : A /K* — Qp, which explains the notation above. We sometimes omit the dependence on {5
in the notation, if a choice has been fixed. If a,b € Z(Yy(N), F) are two Tate cycles, then we will

write {a,b),  for (7 (a), 1 (b)),, -

4.4 Properties of generalized Heegner cycles

Here we collect some facts about generalized Heegner cycles and their corresponding cohomology
classes. We first recall the intersection theory on products of elliptic curves; see [N3, 11.3] for proofs.
Let E, E', E” be elliptic curves over an algbraically closed field k of characteristic not p, and set

H'(Y) = Hy (Y, Qp) = (1@ H (Y, Z/p%) ®z, Qp

n

for any variety Y /k. A pair (a, 8) of isogenies o € Hom(E”, E) and 8 € Hom(E”, E'), determines
a cycle
Top = (o, 8)x(1) e CH(E x E),

where (a, 8)4 : CH’(E") — CH'(E x E') is the push forward. The image of T', 5 under the cycle
class map CH'(E x E') — H?(E x E')(1) will be denoted by [T, 5]. Also let X,, 5 be the projection
of [Tas] to HY(E)® H'(E')(1), i.e.

Xo,p = [Lap] — deg(a)h — deg(B)v,

where h is the horizontal class [I'1 o] and v is the vertical class [I'g1]. If « € Hom(E, E’), we write
Iy and X, for I'y , and X, ,, respectively. If 8 € Hom(E', E) we write F% and XE for I'g 1 and
Xg.1, respectively. Finally, let

(,): H*(E x E')(1) x H*(E x E')(1) - Q,,
be the non-degenerate cup product pairing.

Proposition IV.9. With notation as above,

1. The map
Hom(E”, E) x Hom(E",E') - HY(E) ® H'(E')(1)

given by (a, B) — X4 p is biadditive.



29

2. The map Hom(E, E') — HY(E) x H'(E")(1) given by a — X, is an injective group homo-
morphism.

3. If E=FE', then Xop = Xga and (Xo, Xg) = —Tr(af) for all a, 3 € End(E).
Here, Tr : End(E) — Z is the map a — a + é.

It is convenient to think of H'(E) as V,E* = Hom(V,E,Q,), where V,E = T,E ® Q, is the
p-adic Tate module. The Weil pairing

V,E X V,E = Qy(1)

gives identifications V,E*(1) = V,E and N’ VpoE = Qp(1). We then have the following diagram of
isomorphisms

(GEQVE) (-1) —— (Sym®,E@ A*V,E) (-1) —— Sym’V,E(-1) 9 Q,

| d!
V,E*®@V,E —s End(V,E) ——— Endy(V,E)®Q,

One checks that § identifies Sym®V,, E(—1) with the space End(V},E) of traceless endomorphisms
of V,E. Now suppose that £ has complex multiplication by O and that p = pp splits in K. Then

V,E = V,E® V;E,

where V, = lim E[p"] ® Q, and V5 = lim E[p"] ® Q. Let z* and y* be a basis for V, ' and V;E
respectively, and let x,y be the dual basis of H'(E) arising from the Weil pairing. Since the Weil
pairing is non-degenerate, we may assume that e(z*,y*) = 1€ Q,.

If o € End(E), then the class X, € H'(E) ® H*(E)(1), when thought of as an element of
End(V,E) via the isomorphisms above, is simply the map Va : V,E — V,E induced on Tate
modules. Thus, X; = Mz ®y — y ® z) for some A € Q,. Recall that one can compute the
intersection pairing on H'(E)®? in terms of the cup product on H*(E):

(a®b,c®d) =—(auc)(bud).
Since (X7, X71) = —2, we conclude that A = 1. Next we claim that
(4.1) X/5=+VDa®y+y®ua).

To prove this, it suffices to show that V+/D acts on Vp by v/D and on V5 by —+/D. Indeed, under
the identifications

HYE)® HY(E)(1) = V,E* ® V,E*(1) =2 V,E* ® V,E =~ End(V, E),

x ®y corresponds to the element f € End(V,) such that f(az* + by*) = az* whereas y ® z
corresponds to g € End(V,) such that g(az™ + by*) = —by*.

To understand how V+/D acts on Vp, write p” = p"7Z + %Z for some b,c € Z such that
b?> — 4p"c = D, which is possible because p splits in K. For P € E[p"], one has (b4 +/D)(P) = 0,
so v/D(P) = —bP. Since b = ++/D (mod p™), it follows upon taking a limit that (V+/D)(z*) =
++/Da*. Since we can write p* = p"Z + b*;/EZ, we also have (V+/D)(y*) = Fv/Dy*, and this
proves the claim. Hence

Xy =1(@®y) -Y(y®z) e H(E)® H' (E)(1),

for all v € O — End(FE).
Finally, note that the projector ¢; € Cort’(E, E) g defined earlier acts on H'(E) as projection
onto V.
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Proposition IV.10. Let a € Ok be an ideal and A € Pic(Ok) its ideal class. Then the elements

-1 _a

Z;‘L}x =x(a)" 2} and zf; =Xx(a) 2}
in H}(H, Vi.a0)g, depend only on A€ Pic(Ok).

(v

Proof. To prove the proposition for zﬁx, we wish to relate 2} to z; for some v € Ok and some

integral ideal a. The contribution to z% from one of the “generalized” components thzba c A" x Ais
€Xy, .1, where Xy 1€ HY(A*,Q,) ® H'(A,Q,) is the class of

I, —deg(¢a)h —ve CH'(A® x A),
as above. Let x,y be a basis of H*(A, Q,) such that
Xy1=32®y) —1(y®z) e H(A,Q,) ® H'(A,Qy),

for all v € Ok. Let 2q,ya be the basis of H*(A®, Q) corresponding to x,y under the isomorphism
¢¥ : HY(A®,Q,) — H'(A,Q,). One checks that

(fa x id)*(Xg,.1) = deg(¢a)X1,1
and so
Xpo1 = deg(¢a) (Ta®@Y —ya ®@1).
Similarly,
Xpury 1 = Xygo1 = deg(da) (Y(@a @ y) —7(ya @ 7)) -
Since the projector € kills y, we find that X4, 1 = 7¢X4, 1. In the components which come purely

from the Kuga-Sato variety Wa,_s, the two cycles Y@ and Y are identical — they both have
the form eI’ :75’“*1. Taking the tensor product of the ¢ “generalized” components and the r — k — 1

Kuga-Sato components, we conclude that

Z;(v) — A 28,
as desired. The proof for z}‘}x is similar: since z} is defined using € instead of €, the extra factor of
4% which pops out is accounted for by the factor y(a)~*. O

Lemma IV.11. For any ideal classes A, B,C € Pic(Ok), we have
A B\ _ / AC _BC
(o 2ix) = o 21

Proof. It suffices to prove <Z}(,ix’ Z?Jc> = <zf}x, z?“§> for all A, B € Pic(Ok). Equivalently, we must
show

(4.2) Nm(a)* <Z?K,2f> = <z;, 2?“ ,

for all integral ideals a and b. Let o € Gal(K/K) restrict to an element of Gal(H/K) which
corresponds to a under the Artin map. Consider the homomorphisms of Chow groups

o: CH*(W x A g — CH*(W x (A2))k
and
¢ = (id x ¢%)* : CH*(W x (A%)¢)x — CH*(W x Af)g.
After identifying A° with A%, one checks that (£ o 0)(Y?) = Y. Indeed, since a and b are
integral, the graph of ¢7 : A2 — (A")? can be identified with the graph of the projection map
¢ : A/Ala] — A/A[ab] (first note the two isogenies have the same kernel and then use the main
theorem of complex multiplication). The latter is pulled back to I'y,, by (id x ¢q)*. It follows that
(€00)(Y?) =Y and the identity therefore holds for the corresponding cohomology classes. On
cohomology, o and & are isomorphisms, so (4.2) follows from the functoriality of p-adic heights [N2,
N *

Theorem 4.11]. We are using the fact that (d)ﬁ) is adjoint to (¢ﬁ)* under the pairing given by
Poincaré duality, and that deg ¢, = Nm(a). O
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The goal now is to compute (2 y, zf,5), where

1 1
A A
x =g g zqy and 2y = 7 E Zf -
.AEPiC(OK) AEPIC(OK)

Here, we have extended the p-adic height @p—linearly.
Let 7 € Gal(H/Q) be a lift of the generator of Gal(K/Q). As A and W are defined over R, 7
acts on X = W x A’ and its cohomology.

Lemma IV.12. Let n © O be the ideal of norm N corresponding to the Heegner point y € Xo(N),
and let (—1)"es be the sign of the functional equation for L(f,s). Then

(_1)r7k71€fx(n)ka AT @]

A
7(F) “rx

and

r—k— - —k AT M[n
() = (1 epxmN R .

Proof. Let WJQ(N) be the Kuga-Sato variety over Xo(N), i.e. the quotient of W; by the action of the
Borel subgroup B. Recall the map Wy : W]Q — W]Q which sends a point P € E7 in the fiber above a
diagram ¢ : E — E/E[n] to the point ¢7(P) in the fiber above the diagram ¢ : E/E[n] — E/E[N].
Meanwhile, complex conjugation sends the Heegner point A* — A%/A%[n] to the Heegner point
A" — A%/A%[n]. Thus on a generalized component of our cycle, we have

(W xid)*(Xg.q,1) = NXg, 1 = N7(Xg, 1),

where these objects are thought of as Chow cycles on X which are supported on the fiber of X
above (§)°7. Since 7 takes V, A to V5 A, we even have

(WN X id)*(ngqgaﬁ’l) = N€1X¢a’1 = NT(61X¢G’1).
On the purely Kuga-Sato components, one computes [N1, 6.2]

where the X /7 in the equation above are supported on gFrob(an)  gFrob(@) and gFrob(@) regpectively.

On the other hand, (Wx x id)? = [N] x id, where [N]: W9 _, — W$ _, is multiplication by
N in each fiber. On cycles and cohomology, [N] x id acts as multiplication by N2"~2. Since Wy
commutes with the Hecke operators, we see that (W x id) acts as multiplication by £N"~! on the
f-isotypic part of cohomology, and this sign is well known to equal €¢;. Putting things together, we

obtain ) _ __
(CL) R Wy < )R (E) (1) Rl

T(z}l) = N2k+r—k—1 NE )
from which the first identity in the lemma follows. The proof of the second identity is entirely
analogous. O

Theorem IV.13. If lx : A /K™ — Q, is anticyclotomic, i.e. Lk oT|x = —Lk, then
Groxr 2r.x00 = 0
In particular, Theorem 1.7 holds for such .
Proof. From the previous lemma we have
T(zpy) = (=) Lepx(n)NF2; ¢

and

Thus
oo 28500 = TErx) TErx D icor = o 20000 = = oo 205005 -
which proves the vanishing. Theorem 1.7 now follows from Corollary II.6. O
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Since any logarithm ¢x can be decomposed into a sum of a cyclotomic and an anticyclotomic
logarithm, it now suffices to prove Theorem 1.7 for cyclotomic {, i.e. we may assume {x = {xoT|k.
By Lemma IV.11 we have

1

o A

(4.3) Gxs %) = <Zf,§7zf7>2> =5 PR ETRT Y
.AEPiC(OK)

The height {,) can be written as a sum of local heights:
@,y = Y, v,

where v varies over the finite places of H. These local heights are defined in general in [N2] and
computed explicitly for cyclotomic ¢k in [N3, Proposition I1.2.16] in a situation similar to ours.
In the next chapter we recall the definition of the local heights, and in the following chapter we
compute the local heights {z, z}‘&}v for finite places v of H not dividing p. The contribution from
local heights at places v|p will be treated in Chapter IX.



CHAPTER V

p-adic height pairings

5.1 Definition of local height pairings

In this section we recall the definition of the local p-adic heights pairings, at least in the cases
that will concern us later. For more details, see [N2, §4] and [N3, IL.1].

Let F > H be a number field and set V = HZ "2*~1( X, Q,(r+k)), thought of as a representation
of Gr := Gal(F/F). By Poincaré duality, we have V =~ V*(1). We will recall the definition of
heights for the representation V; heights for the representation Vy 4, (which, after enlarging the
coefficient field a bit, is a subrepresentation) are defined similarly.

To define Nekovai’s global bilinear p-adic height pairing

() Hi(F,V)x H{(F,V) — Q,
one needs two pieces of data:

e A continuous homomoprhism ¢ : A% /F* — Q, which we choose to view as collection of
maps ¢, : F,} — Q, satisfying >, ¢,(a) = 0 for a € F*.

e For each place v|p of F, a Q,-linear splitting of the Hodge filtration
0 — F'DR(V,) — DR(V,) — DR(V,)/F° — 0,
where V), is the restriction of V to a representation of Gr,, and

DR(V,) = (V ®q, Bar) "™ .

By [F], we have an identification
DR(V,) = Hip 71X @p Fu/Fy),

under which the filtration F*DR(V,) on DR(V,) (coming from the grading on Bgr) is identified
with the usual Hodge filtration (up to twist).
This pairing decomposes into a sum of local pairings, one for each finite place of F"

<7>:Z<7>v~

More precisely, suppose a,b € H }(F , V) are Selmer classes. The class a corresponds to an extension
0-V->E,—-Q,—0,
and dualizing the extension corresponding to b, we get

0— Qy(1) - Ef(1) » V — 0.

33
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As a consequence of the fact that H}(F,,V) annihilates H}(F,, V*(1)) via local duality, one may
choose a “mixed extension” F fitting in the commutative diagram

0 0
0 —— Q1) —— E}(1) \%4 0
0 — Q1) —— E E, 0
h
Qp — QP
0 0,

This choice of E is not unique, but we fix one such E (which we stress is a representation of Gr).
The local height pairings to be defined depend on this choice of global mixed extension. However,
the global pairing (i.e. the sum of the local pairings) will be independent of the choice of E.

Proposition V.1. Ifv does not divide p, then H*(F,,V) = 0.

Proof. This is an easy application of local duality and the local Euler characteristic formula, once
we know that H°(F,,V) = 0. If X has good reduction at v, the latter follows from the Riemann
hypothesis over finite fields, proved by Deligne. In general, this follows from the weight-monodromy
conjecture of Deligne, see e.g. [J, Corollary 4.3]. As mentioned earlier, this conjecture is known
for Kuga-Sato and abelian varieties and is stable under products, so it holds for our generalized
Kuga-Sato X as well. O

If v is a place of F' not dividing p, then by the previous proposition, the restriction of the class
[Ea] to H}(F,,V) is trivial. Hence, if we consider the diagram above in the category of G, -
representations, we may choose a splitting s : Q, — E, of the map h. Pulling back the middle row
of the diagram by s, gives a short exact sequence

0—Qp(1) > Uy —>Q,—0

of Gr,-representations, i.e. a class in H'(F,,Q,(1)) =~ FX®Q,. The local height at v is then
defined to be

<a7 b>v = gv([Uv])

If v is a place of F' above p, then we will define the local height at v under the assumption that
the mixed extension F is crystalline at v. In general one does not expect to E to be crystalline,
even if (as in our situation) V| E, and Ej are all crystalline. But this will turn out to be enough
for our purposes. First we consider the exact sequence

0 — H(F,,Qp(1)) = H}(Fy, Bif (1) — H}(Fy, V) — 0,

obtained from the top row in the mixed extension diagram above. On the other hand, our choice
of splitting of the Hodge filtration at v gives rise to a splitting r, : H}(F,, Ef (1)) — H(F,, Qy(1))
of the map j above. We refer to [N2] for more details on this splitting; its definition is actually
not important to us, only its existence. Since E, (the restriction of E to a G, -representation) is
crystalline, it determines a class [F,] in HJ}(Fy7 E}(1)), coming from the short exact sequence in
the central column in the mixed extension diagram. The local height pairing at v is then defined

to be
<a, b>v = ev(rv([Ev]))v
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where we are thinking of r,, as landing in

H(Fy,Qy(1) = OF ©Q, © FAOQ,.

5.2 Mixed extensions attached to algebraic cycles

Now we consider the case where a and b are images of homologically trivial algebraic cycles
under the p-adic Abel-Jacobi map. In this case, there is a natural choice for the global mixed
extension E. For more details see [N2, §5].

We first recall a definition of the p-adic Abel-Jacobi map

d: CH> A =1(X)y — HY(F, V).

Suppose a = ®([Y]), for some homologically trivial cycle Y representing a class in CH2T+%_1(X )o-
We write |Y| for the (geometric) support of Y, and assume that |Y| is smooth for simplicity. Then
the Gysin long exact sequence reads

0= V = HZF7U(K — [P],Q,(r + F) — HEFH(X,Qur + k) S HE (X, Q0 + b)),
Note that HIQY:IJF% (X,Q,(r+k)) =~ H°(|Y],Q,) and the map cl is the usual cycle class map. Since Y
is homologically trivial, we can pull back this sequence along the map Q, — Hﬁ;r%()@ Qp(r+k))
which sends 1 to the class of Y. We get

0—V — E, - Q - 0

| l | |

0 =V — HZ X — |[Y],Qur + k) — HIY],Qp) — HE' (X, Qp(r + k),
and ®([Y]) = [E,] = a. Thus, we may realize F, as a subspace of
HZ 2 U (X — Y], Qp(r + k).
Dually, if b = ®([Z]), then we may realize Ej, as a quotient of
HZFP2 =Y (X vel |Z),Qp(r + k).

Here we are using relative cohomology, which in this case is simply cohomology with compact
support along |Z|.
Now assume that Y and Z are disjoint.

Remark V.2. If we start only with the classes [Y] and [Z], then we may use the moving lemma to
arrange for Y and Z to be disjoint. However, in our height computations we do not want to use
the moving lemma because we need a very explicit description of the cycles.

~ Using the Gysin sequence again (this time for the variety X — |Y]| relative to the subscheme
|Z]), one can check that we may choose the mixed extension E to be a subquotient of cohomology
with partial compact support along the boundary:

HZMP2R=H(X — |V rel |Z],Qp(r + k).

Similarly, suppose the classes a,b € H%(F, V) are images of Tate cycles a’,b' € Z(Yy(N), F)
(recall these were introduced in Chapter 4.2), and suppose a’ and b’ are supported on finite disjoint
sets of points S, T < X(NN). Then to compute (Pr(a’), D (b)), we may use use a mixed extension
coming from the cohomology of Xo(N) with coefficients in the local system & from the previous
chapter. Specifically, we may choose E to be a subquotient of the representation

H (Xo(N) — Srel T, jou.)(1).
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Finally, we remark that these constructions work integrally as well, i.e. we can work with Z,-
coefficients instead of Q,-coeflicients. One subtlety in the integral setting is that a cycle might be
homologically trivial when we use Q,-coefficients only because its cycle class in H2"2*(X, Z,,(r+k))
is torsion (but possibly non-zero). Therefore, naively copying the definition of the Abel-Jacobi map
in the integral setting does not quite work. Instead, one can apply the Abel-Jacobi map to a
multiple of the cycle (killing the torsion), and then proceed as before.

The point in working integrally is that then one can hope to show that {a,b), = €,(r,([Ey]))
with r,([E,]) an element of O ®Z, (which is just the pro-p part of OF ) instead of OF ® Q).
When we take into account the torsion subtlety from before, we get an element of p*"OE’@ZP,
for some n which is independent of the cycle chosen. This will eventually allow us to measure how
divisible by p the quantity {a, by, is. For the definitions in the integral setting and for more details,
see [N3, I1.1.9].



CHAPTER VI

Local p-adic heights at primes away from p

Our ultimate goal is to compute <zf,sz>z>h( when (g : Ay /K* — Q, is cyclotomic, i.e.

lxoT = {. Since such a homomorphism is unique up to scaling, we may assume that {x = log, oA,
where A : G(K/K) — 1+ pZ, is the cyclotomic character and log,, is Iwasawa’s p-adic logarithm.
We may write A = Ao N, where A : ZX — 1 + pZ, is given by A(z) = (z)~!. Here, (z) = aw™(z),
where w is the Teichmuller character.

We maintain the following notations and assumptions for the rest of this section. Fix an ideal
class A and an integer m > 1, and suppose that there are no integral ideals in A of norm m,
ie. 74(m) = 0. Choose an integral representative a € A and let o € Gal(H/K) correspond to A
under the Artin map. Write = a(Y) and z* = a(Y'*) for the two Tate vectors supported at the
points y and y? in Xo(N)(H), as in Proposition IV.8. Let v be a finite place of H not dividing
p and set F' = H,. Write A for the ring of integers in F', the maximal unramified extension
of I/, and let F = F; be the residue field of A. Write X,(N) — Spec Z for the integral model
of Xo(N) constructed in [KM], and let X,(N)a be the base change to Spec A. Finally, write
i:Yp(N) xg F" < X)(N)4 for the inclusion.

Now suppose a, b are elements of Z(Yy(N), F*') supported at points y, # yp of Xo(N)(F™) of
good reduction. Let v, and Y, be the Zariski closure of the points y, and yp in X;,(N)x and let
a and b be extensions of a and b to H(y_,ixe/) and HO(y,,ix/) respectively. If y and y, have
common special fiber z (so z corresponds to an elliptic curve E/F), then define

(a7b)v = (ya yb)z ’ (Qzﬂbz%

where (y_-y,)- is the usual local intersection number on the arithmetic surface X(NN), and (a.,b.)

Lz Lz
is the intersection pairing on the cohomology of E?"~2 x Aé, where Ay is the reduction of Ag.
Remark VI.1. Note that while A may not have good reduction at v, it has potential good reduction.
We can therefore identify HY (A7, Q,) and HZ (Ar, Q) as vector spaces, but not as Gal(F/F)-
representations. Since the ensuing intersection theoretic computations can be performed over an
algebraic closure, this is enough for our purposes.

Our assumption that r 4(m) = 0 implies that the Tate vectors z and 7,,Z® have disjoint support.
The goal of this chapter is to compute (x, T,,,Z%), explicitly. Since the two Tate vectors have disjoint
support, we may used the natural choice of mixed extension F (discussed in Chapter 5.2) in order
to perform these calculations. By [ST], we may assume that these cycles are supported at points
of Xy(N)a which are represented by elliptic curves with good reduction. The following proposition
gives a way to compute the local heights purely in terms of Tate cycles. This technique of computing
heights of cycles on higher dimensional varieties using a local system on a curve is the key to the
entire computation. The idea goes back to work of Deligne, Beilinson, Brylinski, and Scholl, among
others.

Proposition VI.2. With notation and assumptions as above, we have

(6.1) (2, Ty, = — (2, Ti®), log, (Nv),

37
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Proof. The proof is exactly as in [N3, I1.2.16 and I1.4.5]. In our case, one uses that H?(Xy(N), iz (1)) =
0. This follows from the fact that if
o' = (meSym® (R £,Q,) (r — 1)),

then & = &' ® W, where W is a trivial two-dimensional local system, and
H?(X,(N),isa’) =0 [KM, 14.5.5.1]. O

Recall that over A, the sections y and y° correspond to cyclic isogenies of degree N. We will
confuse the two notions, so that the notation Homy (y,y) makes sense. See [N3] and [Cl1] for
details.

Proposition VI.3. Suppose v is a finite prime of H not divisible by p. If m > 1 is prime to N
and satisfies r 4(m) = 0, then

= 1 r—k—1 = ®r—k—1 &L ®r—k—1 ®C
(@, T = PR le <6 (Xg\ﬁD_q*l ®Xﬁ) € (X\/5 ® X3 )) ’
nz1l g

where the sum is over g € Homp -n(y7,y) of degree m. The intersection pairing on the right takes
place in the cohomology of E?"~2 x A]%, where B =~ Ag is the elliptic curve over F corresponding to
the special fiber Y, of y.

Proof. The proof builds on that of [N3, 11.4.12], so we only mention what is new to our setting.
We write m as m = mqoq" where ¢ is the rational prime below v (this is what Nekovai calls £).
In the notation of [N3], we need to compute the special fiber of z(j), where g € HomA(gU,gg)

is an isogeny of degree mg. There is no harm in assuming r = k + 1, because the description of
the purely Kuga-Sato components of gg(j) (i.e. coming from factors of the cycle Y'* of the form
I' /5 © E* x E%) is handled in [N3].

Assume now that ¢ is inert in K and ¢ is even. In this case the special fiber (y); is supersingular,
and the special fiber (z)s of the Tate vector is represented by the pair B

(02 (x5.0))-

This follows from the definition of the Hecke operators and the following fact: if g : £ — E’ is an
isogeny and ¢ : A — E is an isogeny, then

(g x id),, (T,) =T, € CH'(E' x A).

Since any isogeny h € Homy /rn (y‘g’,y) of degree ¢ on the special fiber y, = (g;)s is of the form
q"2hg, with hg of degree 1, we find that, assuming y and QZ (j) intersect, (z§(j))s is represented by

o = 0 = 14 = Y4 — ¢
(@2 (Fg0nn)) = (o (KThmgenn)) = (02 (500)) = (o (455))

as desired. The proof when t is odd or when ¢ is ramified is similar. If ¢ is split in K, then both
sides of the equation are 0, as is shown in [GZ]. O

When v lies over a non-split prime, End, /»(y) = End(£) is an order R in a quaternion algebra B
and we can make the double sum on the right hand side more explicit. To do this, we follow [GZ] and
identify Hom, /- (y7,y) with Ra by sending a map g to b = g¢,. The reduction of endomorphisms
induces an embedding K < B, which in turn determines a canonical decomposition B = K @ K.
Thus every b € B can be written as b = o + 85 with «, 8 € K. Recall also that the reduced norm
on B is additive with respect to this decomposition, i.e. N(b) = N(a) + N(57).

Proposition VI.4. If gpq = b= a + Bj € End(E), then

— r—k— r—k— (4D)T_k_1 Y 2N(BJ)
(e(Xg\/%gl,l(@XE@Z)m(X%k 1®X?f)) = WG%HT*H'C YNe) )
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where

m+2k
Hppt) = = (jt) [ — )™ (1 — 1)%*].

2m . (m + 2k)!

Proof. Recall from Chapter 4.4 that we have chosen a basis *,y* of V,E, and a dual basis z,y
of H'(E) such that z* € V,E, y* € V3E, and (z*,y*) = 1. We have already seen that X, =
ar®y — ay . Since vj = j7 for all ye K, Vj (the map induced by j on V,E) swaps V, E and

V3 E. So we can write
. 0 wu
vi=( )

for some u,v € Q, such that uv = N(j) = —j2. It follows that
X, = ax@y—dy®x+ﬁuy®y—5vx®x.

Next note that gv/Dg~! = bv/Db~'. We write by/Db~! = v+47, so that v = %(N(a)—N(ﬁj))
and § = %aﬁ. Thus X /5,1 already lies in Sym?H'(E), and hence (working now in the
symmetric algebra)

2v/D

_ _ 2 5.2 _ ~ z
€X, by = 2vzy + duy” — dvz” = W(am—ﬁuy)(ay—i—ﬁvx),

since € acts as Scholl’s projector ey on the purely Kuga-Sato components.

The cohomology classes X in the statement of the proposition are on ‘mixed’ components,
i.e. they live in H'(F) ® H'(E’), where E comes from a Kuga-Sato component and E’ (which is
abstractly isomorphic to E) comes from the factor A¢. Thus

X3 =o‘zz@y'fozy@x'fﬂuy®y’+3vx®x',

and €X; = (az — Buy)y’, since € acts trivially on H'(E) and kills the basis vector 2’ in H*(E").
Using these observations together with the compatibility of the projectors with the multiplication
in the appropriate symmetric algebras, we compute

(L, @xP, (X @ XP)

_ ((27963/ +uy? — 522 F Y (az — Buy)? @ 2", (2\/5xy)r7k71y2k ®x/2k)

AD r—k—1 ~
= (I\I(b)> (y/2k7x/2k) (( Buy)r-kk—l(ay + Bvx)r—k—17xr—k—lyr+k—l>

AD r—k—1
_ (N(b)> (y/2k7x/2k)(yr7kflxr+kfl,l,rflcflyerkfl) .C
(4D)r k—1

_ .C,
( ) (r2rk 21)

where C' is the coefficient of the monomial y

rfkfll,rJrkfl in

)r+k71( )rfkfl.

(ax — Buy ay + Bux

The pairings in the second to last line are the natural ones on Sym** H'(E’) and Sym* 2H'(E)
induced from the pairings on the full tensor algebras. For example, Sym®" " ?H'(E) has a natural
pairing coming from the cup product (, ) on H'(E):

2r—2

2 _2 Z 1_[ Ul7w0’(l

o€So,_o 1=1

(VM1 ® Quar—2) X (W1 ® -+ ®war_2) —
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In particular, (z%y°, z°y?) = 0 unless a = d and b = ¢, and

ab aby adl a+b\ "t
(xy,yx)—(a+b)!—< a ’

We have also used that on Sym*" 2 H'(E) ® Sym?* H(E’) we have

(L®v,w® z) = (u,w)(v, 2).

To compute the value of C, note that in general, the coefficient of 2™+2 in

(az + b)" T2k (cx 4+ d)™

is equal to a?*(ad — bc)™ H,y, (%). This is proved using the method of [Z, 3.3.3]. Applying

this to the situation at hand, we find that

¢ = Ny (1- 2102 ).

Plugging this in, we obtain the desired expression for the pairing on the special fiber. O
For each prime ¢, define (z,T,,Z%), = Zvlq@:, Trn@%.

Proposition VI.5. Assume that (m,N) =1, r4(m)=0. Then

(@) 2@7 TrZ%)q =

q#p

r—k—1

5 (4| D]m) 2nN
—ut——t oa(m)ray (m|/ Dl —nN)H,_p_1, (11— )
SN : D)

m|D|

O<n<—F—

with o 4(n) defined as in Corollary I11.7.

Proof. This type of sum arises from Proposition VI.3 exactly as in [N3, 11.4.17] and [GZ], so we
omit the details. The main new feature here is that each b = o + 55 € Ra of degree m is weighted
by a@‘, by the previous proposition. Thus the numbers 7 4( j), with j = m|D| — nN, and which in
[N3, I1.4.17] are simply counting the number of such b, become non-trivial sums of the form

> oal

CCOK
[c(]=A"'D
Nm(¢)=j

Here, o € 07 'a and ¢ = (a)da™! (see [GZ, p. 265]). Rewriting this sum, we obtain

> s =X s =M o= M)

CCOK X( ) CCOK CCOK
[c]=A"'D [c]=A"'D [e]=A
Nm(c)=j Nm(c)=3 Nm(c)=j

Multiplying by x(a)~!, we get the desired result. O
We define
= N
o r—k— 2n
B =m k-1 nZ::l rAx(m|D| —nN)oa(n)Hy_p—1x (1 — m|D|>

(p,n)=1
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m|D|
= 2nN
Co =mr—h1 Z rAx(m|D| —nN)oa(n)Hy—k—1k (1 — n)
= m|D|

Up to a constant, the BY, appear as coeflicients of the derivative of the p-adic L-function defined

earlier (this will follow from Corollary II1.7) and CZ, contributes to the height of our generalized

Heegner cycle, as we have just seen. Just as in [N3, 1.6.7], we wish to relate the BZ, to the C7,.
Let U, be the operator defined by C7, — Cp, and similarly for By,. For a prime p of K above

m mp

p, we write o, for Frob(p) € Gal(H/K). We will also let o, be the operator CZ, — Cy,’?.

Proposition VI.6. Suppose p > 2 is a prime which splits in K and that x is an unramified Hecke
character of K of infinity type (£,0) with £ = 2k. Then

[TW =)o) C5 = (U = p*~202) B
plp

Proof. The proof follows [PR1, Proposition 3.20], which is the case r = 1 and £ = k = 0. We first
generalize [PR1, Lemma 3.11] and write down relations between the various 74 (—).

Lemma VI.7. Set r,(t) =0 if t € Q\N. For all integers m > 0, we have
1 A (mp) + pras(m/p) = x(P)rapx (m) + x(P)rap,x (m).
2. 14,5 (mp?) + P 1 a s (m/p?) = X(B*)7 ap2 5 (1) + X (9?7 452 x () if plm.
3. ran(mp®) = pran(m) = x(P)rape x (m) + x(p%)r.ap2 (M) if (p,m) = 1.
4. If n = nop" with p f ng, then o4(n) = (t + 1)o.a(no), where o4 = 0 a4pt = 0 apt-
5. 0 4p2(n) = oa(n) for any ideal b.

Proof. Note that every integral ideal a in A of norm mp is either of the form a’p with a’ € Ap of
norm m or it is of the form a’p with @’ € Ap of norm m. Moreover, an ideal of norm mp which
can be written as such a product in two ways is necessarily the product of an integral ideal in A of
norm m/p with (p). The first claim now follows from the fact that

T.A,x(t>= Z X(Cl)7

acO
ac A
N(a)=t

and that x((p)) = p*. Parts (2) and (3) follow formally from (1). (4) is proven in [PR1] and (5) is
clear from the definition. O

Going back to the proof of Proposition VI.6, the left hand side is equal to

g,2

Coop = 207571 (X(B)Co + X(R)Coh )
4 p2r—k=1) (X(ﬁ)QCZLPZ + 4pec,fwz +x(p)C,,,2 )
—2p I (X (B)Cer + Xx(p) T ) + 91TV

o2

In the following we write v(p) for the p-adic valuation of an integer n, and n = nop®®. For the sake
of brevity we also set r4(u,v) = ry(u|D| —vN) for integers u and v and H(z) = H,_p_1 ().
Then by repeated usage of the previous lemma, the expression above is equal to

m|D|/N
Y, () + D) (mp*) M (),

n=1
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where M (n) equals

2nN
4
H|ll— ——
TA (mp ) n)U.A,v(n) (nO) < mp4|D| )

2nN
—9 4 4 2 Hl1 - ="
[T.A(mp ,pn) +TPTA (mp an/p)] O.A,v(n)+1(”0) ( mp3|D|>

20 2 ¢ 2 :
p=ra (m,n/p*) + 4pro(mp=,n) if pln

+ TA(mp47p2n) + ¢ ( 2/ ) ( ) . | X
3p°ra(mp®,n) iftpfn

2nN
Hll— ——
<ot (1= 250 )

2nN
= 2p" [ra(mp®,pn) + p'ra(m,n/p)] o a oy +1(no) H (1 - mp|D|)

2nN
+p2er¢4(m7n)O—A,v(n) (no)H (1 - mD> .

Grouping in terms of the ng which arise in this sum, we can rewrite this as

Z ZUA,t(no)At,

(no,p)=1 1

where A; equals

t—1 ift>=1 2nop' N
(mp®)"*Lr 4 (mp*, ping) lt +1-—2t+ { ! ] H (1 _ Zhop )

0 ift =0 mp?| D]

ift=0

et o At+1)—2t ift=1
+ (mp®) " Fp? 2 4 (mp?, p'ng) l—2(t+2) + {3( ) ] x

2nopt N
+m" Ry ptng) [+ 3 =2+ 2) +t+ 1] H (1 _ Zop ) .

m|D|

So A; = 0 unless ¢t = 0, and we conclude that the left hand side in Proposition VI.6 is equal to

(U;‘ _P2T_2U§)BZ1, as desired.

O



CHAPTER VII

Ordinary representations

The contributions to the p-adic height (zy, z]“c“)z> coming from places v|p will eventually be shown
to vanish. The proof is as in [N3, I1.5] (though see Chapter IX). An important input to Nekovai’s
approach is that the local p-adic Galois representation V; attached to f is ordinary. We recall this
notion and prove that the Galois representation Vy 4, = V; @ ke H (A, Q,) (k) is ordinary as well.

Definition VII.1. Let F be a finite extension of Q,. A p-adic Galois representation V of G =
Gal(F'/F) is ordinary if it admits a decreasing filtration by subrepresentations

PV o Pty o
such that | JF'V =V, [ F'V =0, and for each i, F'V/F*1V = A,(i), with A; unramified.

Recall we have defined €' = ey kg, with

| (vorvo\* | (vD-vo\*| e ey
Ky = 2\/5 + 2\/5 o( 5 ) .

Theorem VIL.2. Let f € So,.(Fo(N)) be an ordinary newform and let Vi be the 2-dimensional
p-adic Galois representation associated to f by Deligne. Let A/H be an elliptic curve with CM by
Ok and assume p splits in K and A has good reduction at primes above p. For any £ = 2k > 0, set
W = keH*(AY,Q,)(k). Then for any place v of H above p, Vi a4 =V @ W is an ordinary p-adic
Galois representations of Gal(H,/H,).

Proof. First we recall that V is ordinary. Indeed, Wiles [Wi] proves that the action of the decom-
position group D, on Vy is given by
€1 *
0 €2
-1 2r—1

2r=1 we have €1 = €, Xeye - Thus, the filtration

with ez unramified. Since, det Vy is xZyc ™,

FVy =V; o F'W; = F7 'V = ¢, o F7'V; =0,

shows that V; is an ordinary Gal(Q,/Q,)-representation and hence an ordinary Gal(H,/H,)-
representation as well. Next we describe the ordinary filtration on (a Tate twist of) W.

Proposition VIL.3. Write (p) = pp as ideals in K. Then the p-adic representation M =
keHE (A Qp)(0) of Gal(H,/H,) has an ordinary filtration

FOM =M > F'M = F'M > F**'M = 0.

43
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Proof. The theory of complex multiplication associates to A an algebraic Hecke character ¢ : A}, —
K> of type Nm : H* — K* such that for any uniformizer m, at a place v not dividing p or the
conductor of A, ¥(m,) € K =~ End(A) is a lift of the Frobenius morphism of the reduction A, at v.
The composition

ty: Afp =5 Af — (K©Qp)*

agrees with ¢ on H*, giving a continuous map
p =t A/ HY - (K@ Q)"
Since the target is totally disconnected, this factors through a map
PG — (K®Q,)".

By construction of the Hecke character (and the Chebotarev density theorem), the action of
Gal(H/H) on the rank 1 (K ® Qp)-module T,A® Q,, is given by the character p. Since p splits in
K, we have
(K®Q) =K, @K =Q, ®Q,.
Now write p = py @ pp, where p, and py are the characters obtained by projecting p onto K\
and K.
p

Lemma VIL.4. Let Xcye : Gal(H,/H,) — Q) denote the cyclotomic character and consider p,,
and pp as representations of Gal(H,/H,). Then pyps = Xeye and py is unramified.

Proof. The non-degeneracy of the Weil pairing shows that A? T,A = Z,(1). It then follows from the
previous discussion that pypp = Xcye. That pp is unramified follows from the fact that t5(H,) = 1
and v is prime to the conductor of ¥. Indeed, the conductor of A is the square of the conductor of
¥ [G], and A has good reduction at p. O

Remark VIL5. Let A/Op be the Néron model of A/H. Since A[p"] is étale, it follows that the
p-adic Tate module VA is unramified at v. We can therefore identify p, = V, A and p; = V;A.
One can also see this from the computation in equation 4.1.

Lemma VIL.6. As Gal(H,/H,)-representations,
Hg, (A, Qp)(1) = pp @ py

and ~
M = ko HE (AY,Qy)(0) = ph @ pbs.

Proof. The first claim follows from the fact that T,A ® Q, =~ H}(A,Q,)(1). Fix an embedding
¢ : End(A)— K, which by our choices, induces an embedding End(A)—Q,. By the definition of p,
pp is the subspace of H} (A,Q,)(1) on which o € End(A) acts by ¢(a), whereas on pg, o acts as
Z(«). The second statement now follows from the Kunneth formula and the definition of «,. O

Now set FOM = M, F'M = F*M = 4*, and F**'M = 0. By the lemmas above, this gives an
ordinary filtration of M and proves the proposition. O

Now to prove the theorem. We have specified ordinary filtrations F*V; and F'M above. A
simple check shows that
Fi(Vy@M) = > FPVy®F'M
p+q=1i
is an ordinary filtration on V; @ M. Since Vya, = V; QW = (V; ® M)(—k) and Tate twisting
preserves ordinarity, this proves V 4, is ordinary. O
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Remark VIL.7. Another way to obtain the ordinary filtration on M is to use the fact that M is
isomorphic to the p-adic realization of the motive My , attached to the modular form 6, of weight
¢+ 1. Since A has ordinary reduction at p, 6y is an ordinary modular form, and it follows that 6,
is ordinary as well. We may therefore apply Wiles’ theorem again to obtain an ordinary filtration
on W.

Proposition VIL.8. The Gal(H/H) representation Vyae =V @ W satisfies VEa (1) =Viae.

Proof. Recall that V(1) = Vy, so we need to show that W* =~ W. This follows from the two
lemmas above. O



CHAPTER VIII

Proof of Theorems 1.7 and 1.9

Let T be the Hecke algebra of level N, i.e. the Q-algebra generated by the action of the Hecke
operators T,, ((m,N) = 1) on S3(I'¢(N)). In what follows, normalized primitive forms fz €
Sor(To(N)) (ie. fp is a newform of some level dividing N) will be indexed by the corresponding

@Q-algebra homomorphism g : T — Q. We let 8y be the homomorphism corresponding to our chosen
newform f. If A e Pic(Ok), then

Fa =25, 25015
3

is a cusp form in So,(Fo(V); Qp(X)). Indeed, for (m, N) = 1, we have

X(a)am(FA) = Z<257 Eg>ﬂ(Tm) = <Z7Tm2a> = <$>Tmfu> € Qy,
B

because the Hecke operators are self-adjoint with respect to the height pairing. If r 4(m) = 0, then
we have the decomposition
am(Fq) =7, +d7,

where
c

= x(@! Z<$7Tm§7a>vv dy, = x(a)~™! Z<x7TmfG>vv
vfp vlp

and the sums are over finite places of H.

Both sides of the equation in Theorem 1.7 depend linearly on a choice of arithmetic logarithm
Uk : A /K* — Qp. By Theorem IV.13, it suffices to proves the main theorem for cyclotomic ¢,
i.e. g =Lk oT. As cyclotomic logarithms are unique up to scalar we only need to consider the
case £xx = g o N. Thus, {5 = log, o\, where A : G(Ky/K) — 1+ pZ, is the cyclotomic character.
As before, we write A = A o N, where X : Ly — 1+ pZy is given by Mz) = (o)t

By definition,

d
L(fex,1) = sl (f®x.A%)

s=0
Also by definition,

D D -1 -
L ) = (-1)"H, — ) (1-C (> 2\ (C 1) A dO¢
e =00 (Fe) (1o (g)xe) v,

g DY <- s - s 1
-crmn(1-c(g)im@) | VAT,
G(Hyo (10 )/ K)

where C' is an arbitrary integer prime to N|D|p. The measure \ijjg,l,l is given by:

U§ ) 1 (o(mod p"), m(mod p™)) = Ly, (¥4 (a(mod p™)))

46
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where a corresponds to the restriction of 7 under the Artin map and o corresponds to [A] €
Pic(Opn). We therefore have

L@ = 0 (1-0 (B) @) 1y oy [ @ais,
ePic(Ok P

Using log(z) = log z, we compute

- ((1 -C (2) <O>2‘9) h fz <x>—3d¢f§>
_ (1 e (g))_l L log 2 d¥S, + (*)L; 456
= (1 -C (g))_l L log z dUG

The integral SZ; d\ilft vanishes because by Corollary I1.6, L,(f ® x)(A) = 0 for all anticyclotomic
A, in particular for A = 1. Or more simply, it vanishes by the interpolation property of L, and the
vanishing of L(f, x,r + k).

If we set

a
ds

G = (<" [ tog, ¥4 & Mo, (To(Np)s Q).

P

then using the identity

Lx Ma)d¥g = L; Ma)—C <C) AC2a) 4,

P

we obtain

L;)(f®X7 ]1) = _Hp(f> Z LfO(GU)'

ceG(H/K)

Define the operator
o 2
F=1TW =" xp)oy)".

plp
Putting together Corollary II1.7 and Propositions VI.5 and VI.6, we obtain

Proposition VIIL.1. If plm, (m,N) =1 and r4(m) = 0, then

g | F = (=)D lanm (Go)| (U, — ™ °U;) .

We define the p-adic modular form
H, = F4|F + (—1)k(4|D|)’k1u2Gg‘ (Uy = 2U7) .
By construction, when p|m, (m,N) =1 and r4(m) = 0, we have

am (Hy) = d5,|F = x(@) 7' Y e, T @) | F.
lp

Proposition VIII.2. Define the operator
F' = (Up — 0p)(Upoy — pzriz)(Up —0p)(Upos —p ).
Then Ly, (Hy|F') = 0.
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Proof. The proof should be exactly as in [N3, I1.5.10], however the proof given there is not correct.
In the next section we explain how to modify Nekovai’s argument to prove the desired vanishing.
For our purposes in this section, the important point is that this modified proof goes through if
we replace the representation Vy 40 = Vy (i.e. the £ = 0 case which Nekovar considers) with our
representation Vi 4 ¢ = Vy ® W, where W corresponds to a trivial local system. Indeed, the proof
works “on the curve” and essentially ignores the local system. The only inputs specific to the local
system are two representation-theoretic conditions: it suffices to know that the representation Vy 4 ¢
is ordinary and crystalline. These follow from Theorems VII.2 and IV.6, respectively. O

It follows that

Ly, (FalFF) = () (D) "Ly, <Ga

Wi - 7).

Since Ly, o U, = ap(f)Ly,, we can remove F’' from the equation above; we may divide out the

extra factors that arise as they are non-zero by the Weil conjectures. Summing this formula over
o € Gal(H/K), we obtain

- x(p)p’”k1>2 4
Lfo(f)H<1 Coap(f) aech/Kfzf’zf’”
2r—2

— (CDFAD) R () (1 - j(f)) L(f®x1).

Note that the operators o, and o5 (in the definition of F) permute the various <zf,zﬁ>z> as A
ranges through the class group. So after summing over Gal(H/K), these operators have no effect
and therefore do not show up in the Euler product in the left hand side.! By Hida’s computation
[N3, 1.2.4.2]:

(- j(f)) — H,()Ls ().

so we obtain

x(p)p’ 1 ) 2 Yaepic(0i0)E )

L) = () (1- MEE ) Saereion 5

By equation (4.3), this equals

r—k=1N\? pey 0 2f.%
(-

and proves Theorem 1.7.

Proof of Theorem 1.9. We now assume y = 1’ as in Section 1.2.3. Recall that the cohomology
classes zy and Zy live in H} (H,V¢aup). Recall also Vi 4, is the 4-dimensional p-adic realization
of the motive M (f)y ® M (xn) over H with coefficients in Q(f). Using Remark IV.3, we have a
motive M(f)x ® M(x) over K with coefficients in Q(f, x) descending M (f)u ® M (xu) ® Q(x)-
The p-adic realization of this motive over K is what we called V¥ ,.

Thus we may think of the classes zy and z; in H}c (H, V¢ a4) =~ H'(H,Vy,). Define

sz =cory/k(zy) and ij = corg/k (Zy)

in H}(K, Vy.,).

IThis is unlike what happens in [N3]. The difference stems from the fact that we inserted the Hecke character
into the definition of the measures defining the p-adic L-function.
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Lemma VIII.3.
resH/K(z]]f) =hzs, and resH/K(ZJ{() = hzf .

Proof. Note that there is a natural action of Gal(H/K) on H'(H,Vy,), since Vy, is a Gg-

representation. Since resocor = Nm, it suffices to show that for each o € Gal(H/K), 2§ = z;ffx and

zf = z;ﬁ}x, where A corresponds to o under the Artin map. Recall that
= x(@) 7 Rp (epe¥®) and  zfy = x(8) 7@ (epdY ™),

for any ideal a in the class of A. B
To prove 2§ = z;ffx, we first describe explicitly the action of Gal(K/K') on the subspace €Vy 4 ¢
Vi a0 after identifying the spaces Vi 4 ¢ and V. For each o € Gal(K/K), we have maps
_ o* ) -1 ¢£* _
eH'(A',Q,) > GH' (A7, Q) 20— (H'(X', Q).
which induces an action of G on €Vya, = Vi ® eH* (A%, Q,(k)). By definition of M(x), this
agrees with the action of Gx on V;,. Now the argument in the proof of Lemma IV.11 shows that
2§ = z}‘}x. A similar argument works for z7. O

By Lemma VIIL3, resg/k (27,) = hzy, and resy g (21°) = hzs 5. It follows that

(8.1) (f 28 = hzpn 2r50m -

Now assume that L),(f ® x, ¢k, 1) # 0. By Theorem 1.7 and (8.1), the cohomology classes sz
and 2;( are non-zero, giving two independent elements of H}(K , Vi y)- This proves one inequality
in Perrin-Riou’s conjecture (1.2). The other inequality follows from recent work of Elias [E] con-
structing an Euler system of generalized Heegner classes and extending the methods of Kolyvagin
and Nekovaf in [N1] to our setting. O



CHAPTER IX

Local p-adic heights at primes above p

The purpose of this chapter is to fix the proof of [N3, I1.5.10] on which both Nekovai’s Theorem
A and our main theorem rely. In the first two subsections we gather some facts about relative
Lubin-Tate groups and ring class field towers, and in 9.3 we explain how to modify the proof in
[N3]. We have isolated and fixed only the two parts of [N3, I1.5] with a serious mistake, instead of
rewriting the entire argument of that section.

9.1 Relative Lubin-Tate groups

The reference for this material is [dS, §1].

Let F/Q, be a finite extension and let L be the unramified extension of K of degree § > 1.
Write mp and my, for the maximal ideals in O and O, and write ¢ for the cardinality of Op/mp.
We let ¢ : L — L be the Frobenius automorphism lifting * — 29 and normalize the valuation on F'
so that a uniformizer has valuation 1. Let £ € F be an element of valuation ¢ and let f € Op[[X]]
be such that

f(X)=wX +0(X?) and f(X)=X%modmy,

where w € O, satisfies Nmy, /() = £. Note that w exists and is a uniformizer, since Nmy,/p(L*)
is the set of elements in F'* with valuation in 0Z.

Theorem IX.1 (de Shalit). There is a unique one dimensional formal group law Fy € Or[[X,Y]]
for which f is a lift of Frobenius, i.e. for which f € Hom(Ff,FJ?). Fy comes equipped with an
isomorphism Op =~ End(Fy) denoted a — [a]¢, and the isomorphism class of Ft/Opr depends only
on & and not on the choice of f.

Remark IX.2. This extends the well known construction of Lubin and Tate in the case § = 1.

Now let M be the valuation ideal of C, and let My the M-valued points of Fy. For each n > 0,
the m'z-torsion points of Fy are by definition

Wi ={weMy: [a]f(w) =0 forall aemp}
Proposition IX.3. For eachn > 1, set L} = L(W}). Then
1. L? is a totally ramified extension of L of degree (¢ —1)q"~' and is abelian over F.

2. There is a canonical isomorphism (OF /my)* = Gal(L¢ /L) given by u — oy, where o, (w) =
[u™]f(w) forwe Wi

3. Both the field Lg and the isomorphism above are independent of the choice of f.
4. The map u — o, is compatible with the local Artin map rp : F* — Gal(F2P/F).

5. The field L¢ corresponds to the subgroup % - (1 4+ m'y) < F* wia local class field theory.
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Writing Le = J,, L¢, we see that Gal(L¢/L) = O and the group of universal norms in F'
coming from L¢ is ¢€Z. Moreover, we have an isomorphism Gal(L¢/L) — O who's inverse is ’I“F‘O;
composed with the restriction Gal(F2?/F) — Gal(L¢/F).

9.2 Relative Lubin-Tate groups and ring class field towers

Now let v be a place of H above p and above the prime p of K. For each j > 1, write H,,, for
the completion of the ring class field H; of conductor p’ at the unique place w = w(j) above v.
In particular, Hy, = H,. If 0 is the order of p in Pic(Ok), then H, is the unramified extension
of K, =~ Q, of degree 4. Since p splits in K, H;,,/H, is totally ramified of degree (p — 1)p’~!/u,
where recall uw = #0F /2. Moreover, Gal(H;,,,/H,) is cyclic and H},, is abelian over Q,. We call
Hy, = U, Hj,w the local ring class field tower; it contains the anticyclotomic Z,-extension of K.
To ease notation and to recall the notation of the previous section, we write L = H,,.

Proposition IX.4. Write p® = (n) for some T € O. Then Hy, is contained in the field L¢ attached
to the Lubin-Tate group relative to the extension L/Q, with parameter & = w/7 in Ky, = Q,. If
Oy = {£1}, then Hy, = L.

Remark IX.5. Note that there are other natural Lubin-Tate groups relative to L/Q, coming from
the class field theory of K, namely the formal groups of elliptic curves with complex multiplication
by Og. These formal groups will have different parameters however, as can be seen from the
discussion in [dS, 11.1.10].

Proof. By (5) of Proposition IX.3, it is enough to prove that Hy, is the subfield of ng corresponding
to the subgroup (7/7)% - u% under local class field theory. First we show that (/7) is norm from
every H;.,. Using the compatibility between local and global reciprocity maps, this will follow if
the idele (with non-trivial entry in the p slot)

(..1,1,7/7,1,1,...) e A%
is in the kernel of the reciprocity map
rj i Aj/K* — Gal(K*®/K) — Gal(H,; /K),
for each j. Since the kernel of r; is KXAIX(@O(’A);, it is enough to show that

(.1, w17, r, r,..) e OF.

This is clear at all primes away from p since 7 is a unit at those places. At p, it amounts to
showing that (1/7,1/7) € K, x Kj lands in the diagonal copy of Z, under the identification
K, x K = Q, x Q,, and this is also clear.

Since L/Q,, is unramified of degree ¢ and £ = /7 has valuation 4, it remains to prove that the
only units in @, which are universal norms for the tower H,/Q, are those in /@(. But by the same
argument as above, the only way « € Z; can be a norm from every Hj,, is if af = ¢ for some
global unit ¢ € K. But then ( is a root of unity and o = (7!¢ = (72, so « is in p2%.. Conversely,
it’s clear that each ¢ € p% is a universal norm. O

Remark 1X.6. Since we are assuming K has odd discriminant, the equality Hy, = L¢ holds unless
K = Q(us). For ease of exposition we will assume K # Q(u3) for the rest of this chapter; the
modifications needed for the case K = Q(us3) are easy enough.

We will need one more technical fact about the relative Lubin-Tate group F cutting out Hy.
Let x¢ : Gal(L/L) — Z,, be the character giving the Galois action on the torsion points of FY.
We let Q,(x¢) denote the 1-dimensional Q,-vector space endowed with the action of Gal(L/L)
determined by x¢, and we denote by Deis(Qp(xe)) the usual filtered ¢-module contravariantly
attached to the Gal(L/L)-representation Q,(x¢) by Fontaine.
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Proposition IX.7. The representation Qu(x¢) is crystalline and the frobenius map on the 1-
dimensional L-vector space Deris(Qp(xe)) is given by multiplication by .

Proof. This is presumably well known, but with a lack of reference we will verify this fact using [C2,
Prop. B.4]. There it is shown that Q,(x¢) is crystalline if and only if there exists a homomorphism
of tori X' : L* — Q, which agrees with the restriction of x¢ ory to OF. In that case, frobenius on
Deris(Qp(xe)) is given by multiplication by x¢(rr(w)) - X' () ™!, where @ is any uniformizer of L.!
Combining (2) and (4) of Proposition IX.3 with the commutativity of the following diagram

L* —— Gal(L*®/L)

le l
QF — Gal(Q/Q,),

we see that Y’ = Nm™' gives such a homomorphism, so the crystallinity follows. Note that by
construction x¢ : Gal(L*" /L) — Z5 factors through a character

Xe : Gal(Q3/L) — Z).
So if we choose @ to be such that Nmy g (@) = £, then

Xe(ro(@)) = Xe(rg, (Nm(w)))
= Xe(rg, (§)) = 1.

Thus, the frobenius is given by multiplication by x'(w) ™ = Nmy, g (@) = £. O

9.3 Local heights at p in ring class field towers

The proofs of both [N3, IL.5.6] and [N3, I1.5.10] mistakenly assert that Hj , contains the j-th
layer of the cyclotomic Z,-extension of Q, (as opposed to the anticyclotomic Z,-extension). This
issue first arises in the proofs of [N3, I1.5.9] and [N3, I1.5.10]. We explain now how to adjust
the proof of [N3, I1.5.10]; similar adjustments may be used to fix the proof of [N3, I1.5.9]. The
adjustments we make are still in the spirit of Nekovai’s original argument, but we will use some
deep results from p-adic Hodge theory to carry the argument through.

Recall the setting of [N3, I11.5.10]: « is the Tate vector corresponding to our (generalized) Heegner
cycle egeY’, and V = H}, (Xo(N), joxA)(1). We have the Tate cycle

zp= Y. crmTma € Z(Yo(N), H) ®q, L,

meS

a certain linear combination (with coefficients ¢y, living in a large enough field L) of T,z such
that
Or(xs) = zp € Hi(H,V)Qq, L.

Moreover, each m € S satisfies (m,pN) = 1 and r(m) = 0, where r(m) is the number of ideals in
K of norm m. To fix the proof of [N3, I1.5.10], we prove the following vanishing result for local
heights at primes v of H above p.

Theorem IX.8. For each j > 1, let h € Z;(Yo(N), Hj,w) be a Tate vector supported on a point

y; € Yo(N) corresponding to an elliptic curve E; such that End(Ej;) is the order in Oy of index p’.
Then

leIIOIO<LUf7 NHj,w/Hv (h;)>v =0.

1Note that we are using the contravariant Dg,is, whereas [C2] uses the covariant version.
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Proof. Recall that E; is a quotient of an elliptic curve E with CM by Og by a (cyclic) subgroup
of order p/ which does not contain either the canonical subgroup E[p] or its dual E[p]. By the
compatibility of local heights with norms [N3, I1.1.9.1], we have

(91) <xf’NHJ'»W/H“(h?)>v,&, = <(L‘f, h(j7>w,€w ,

where ¢, = {, o Ny, /m,. Recall that we are assuming now that {x = log, o), where A :
Gal(Ky/K) — 1 + pZ, is the cyclotomic character. Thus the local component ¢, : HX — Q,
of U is £, = log,oNg, ,, and

ly =log,oNg, .0,

We have seen that the ring class field tower Hy, is cut out by a relative Lubin-Tate group. In
fact, it follows from the results in the previous sections that H; ., = Lé, where L = H, and § = 7/7
as before. Let E be the mixed extension used to compute the height pairing of z¢ and A7, chosen
as in Chapter 5.2, and let F,, be its restriction to the decomposition group at w. Assume that

E, is a crystalline representation of Gal(H .,/Hj ).

Then by definition of the local height (see Chapter 5.1), we have

<33f7 h?>w,em = lw(ruw([Ew]))
= logp (NHj,w/Qp (Tw([Ew]))) .

—

where 7., ([Ey]) is an element of Oﬁj . ®z,Qp. In fact, the ordinarity of f allows Nekovai to “bound
denominators”; i.e. he shows B

————

P {ap,hS),, € log, (NHj,w 0, (OH)) .

for some integer d;. Indeed, see the proofs in [N3, II.1.10, I1.5.10] and note that H}(me Z,(1)) =

(’);I]_ - Moreover, the d; are uniformly bounded as j varies (Nekovéi’s proof of this fact does not

quité work, but we fix this issue in Proposition IX.14). Let us write d = sup, d;j. By Proposition
I1X.3, we have

p~ g hg), € log,(1+pZy) € P'Z,.

The theorem would then follow upon taking the limit as j — oo.
It therefore remains to show that E,, is crystalline. First we need a lemma.

Lemma IX.9. Let m e S and j be as above. Then the supports of T,,x and bgj are disjoint on the
generic and special fibers of the integral model X of Xo(N).

Proof. Let z € Y5(N)(Q,) be in the support of T,z and let y be the Heegner point supporting
the Tate cycle x. Thinking of these points as elliptic curves via the moduli interpretation, there
is an isogeny ¢ : y — z of degree prime to p since (p,m) = 1. Recall p splits in K, so that y has
ordinary reduction y, at v. Since End(y) =~ Ok =~ End(ys), y is a Serre-Tate canonical lift of ys,.
As ¢ induces an isomorphism of p-divisible groups, z is also a canonical lift of its reduction. On
the other hand, the curve E; supporting h{ has CM by a non-maximal order of p-power index in
Ok and is therefore not a canonical lift of its reduction. Indeed, the reduction of Ej; is an elliptic
curve with CM by the full ring Ok as it obtained by successive quotients of y, by either the kernel
of Frobenius or Verschiebung. This shows that T;,x and bgj have disjoint support in the generic
fiber.

By [GZ, 111.4.3], the divisors T,y and y” are disjoint in the generic fiber, for any 7 € Gal(H/K).
Since all points in the support of these divisors are canonical lifts, the divisors must not intersect
in the special fiber either. But we saw above that the special fiber of E; is a Galois conjugate of
the reduction of y, so F; and T},y are disjoint on the special fiber as well. O
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Next we note that T,,x is a sum )| d;, where each d; is supported on a single closed point S of
Yy(N)/Hj . Using norm compatibility once more and base changing to an extension F/Hj ., which
splits S, we may assume that S € Yo(N)(F).

It then suffices to show that the mixed extension E, corresponding to d; and hf is crystalline.
Recall from Chapter V that this mixed extension is a subquotient of

HY(Xo(N) =8 rel T, jos A)(1),

where T' = y; is the point supporting h7. So it is enough to show that this cohomology group
is itself crystalline. Finally, this follows from combining the previous lemma with the following
result. O

Theorem IX.10. Suppose F is a finite extension of Q, and let S, T € Yo(N)(F) be points with non-
cuspidal reduction and which do not intersect in the special fiber. Then H'(Xo(N)—S rel T, jos.A)(1)
is a crystalline representation of Gy.

Remark IX.11. Suppose F is a p-adic field and X /Spec OF is a smooth projective variety of relative
dimension 2k — 1. If Y,Z < X are two (smooth) subvarieties of codimension k& which do not
intersect on the special fiber, then one expects that H?*~}(Xp — Y rel Zr, Q,(k)) is a crystalline
representation of Gp. The theorem above proves this for cycles sitting in fibers of a map X — C'
to a curve, but the method of proof does not seem to apply in the general case.

Proof. Write V.= H'(Xo(N) — S rel T jox.A)(1). The sketch of the proof is as follows. Faltings’
comparison isomorphism [F] identifies Deyis(V) with the crystalline analogue of V, which we will
refer to (in this sketch) as HL, (X — Srel T, joxA). The dimension of V is determined by the
standard exact sequences

0— HY(X,jox A)(1) » HY(X — S, jox A) (1) — H°(S, josA) — 0

Similar exact sequences should hold in the crystalline theory (i.e. with H' replaced by H_,, every-
wherfz) since S and T reduce to distinct points on the special fiber. Using the known crystallinity of
HY(X, jos A) (1), HY(T, josA)(1), and H°(S, jox.A) (the latter two because the fibers of X — X (N)

above S and T have good reduction), we conclude that
dimg, V = dimp, Hbio(X — S el T, jox A),

i.e. that V is crystalline. To turn this sketch into a proof, we need to say explicitly what Hl (X —
S rel T, jos.A) is. Note that the usual crystalline cohomology is not a good candidate because it is
not usually finite dimensional unless the variety is smooth and projective.

Let us describe in more detail the comparison isomorphism which we invoked above. The main
result of [F] concerns the cohomology of a smooth projective variety with trivial coefficients. In
our setting, however, we deal with cohomology of an affine variety with partial support along the
boundary and with non-trivial coefficients. The proof of the comparison isomorphism in this more
complicated situation is sketched briefly in [F] as well, but we follow the exposition [Ol], where the
modifications we need are explained explicitly and in detail.

Let R be the ring of integers of F and set V' = Spec (R). Let X/V be a smooth projective
curve and let S, T € X (V) be two rational sections which we think of as divisors on X. We assume
that S and T do not intersect, even on the closed fiber. Set D = S U T and X° = X — D. The
divisor D defines a log structure Mx on X and we let (Y, My) be the closed fiber of (X, Mx). We
use the log-convergent topos ((Y, My )/V )cony to define the ‘crystalline’ analogue of V. There is an
isocrystal Jg on ((Y, My )/V )cony Which is étale locally defined by the ideal sheaf of S; see [Ol, §13]
for its precise definition and for more regarding the convergent topos.

Theorem IX.12 (Faltings, Olsson). Let L be a crystalline sheaf on X2 associated to a filtered
isocrystal (F, op, Filg). Then there is an isomorphism

(9.3) Beis(V) @r H' (Y, My)/V )conv, F ® Js) = Beyis(V) ®q, H' (X — S el T, L).
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As L = jo4A is crystalline [F, 6.3], we may apply this theorem in our situation. Taking Galois
invariants, we conclude that Deis(V) = H(((Y, My)/V)conv, F ® Js). To complete the proof of
Theorem IX.10, it would be enough to know that the convergent cohomology group D s(V) sits
in exact sequences analogous to the standard Gysin sequences (9.2). These sequences hold in any
cohomology theory satisfying the Bloch-Ogus axioms, but unfortunately convergent cohomology is
not known to satisfy these axioms. On the other hand, rigid cohomology does satisfy the Bloch-
Ogus axioms [P]. So we apply Shiho’s log convergent-rigid comparison isomorphism [Sh, 2.4.4] to
identify Deyis(V) with Hrlig(Y — S, rel Ty, §T€), for a certain overconvergent isocrystal j7€ which is
the analogue of jg«.A on the special fiber. Here Sy and Ty are the points on the special fiber. We
have similar identifications with rigid cohomology for each term appearing in the sequences (9.2),
and the corresponding short exact sequences of rigid cohomology groups are exact. The crystallinity
of V now follows from dimension counting. O

Remark 1X.13. Theorem IX.8 has two components: first one must bound denominators and then
one shows that the heights go to 0 p-adically. In the argument above, the ordinarity of f was
the crucial input needed to bound denominators. We briefly explain the modifications need to fix
the proof of [N3, I1.5.9], where one pairs Heegner cycles of p-power conductor with cycles in the
kernel of the local Abel-Jacobi map (the analogue of principal divisors in weight 2). The fact that
these cycles are Abel-Jacobi trivial allows us to make a “bounded denominators” argument even
without an ordinarity assumption; see [N3, II.1.9]. To kill the p-adic height, we further note that
the particular AJ-trivial cycles in the proof of I1.5.9 are again linear combinations of various Tz,
with 7(n) = 0. This lets us invoke Lemme IX.9 and Theorem IX.10, as before.

As we alluded to in the proof of Theorem IX.8, the proof of [N3, I1.5.11] again assumes (incor-
rectly) that Ho, contains the cyclotomic Zy-extension of Q,. To fix the proof there, it is enough to
prove the following proposition.

Proposition IX.14. Let V be the Galois representation H} (Xo(N), joxA)(1) attached to weight
2r cusp forms. Writing Hy, for \J; Hjw, we have H*(Hy,, V') = 0.

Proof. We follow Nekovai’s approach, but instead of using the cyclotomic character we use the
character x¢ coming from the relative Lubin-Tate group attached to H, defined above. By Propo-
sition IX.7, the Gg,-representation Q,(x¢) is crystalline and the frobenius on Deis(Qp(x¢)) is given
by multiplication by &, where £ is defined in Proposition IX.4.

Since V' is Hodge-Tate, there is an inclusion of Gal(Hy/H, )-representations

H(Hoy, V) © @5z HO(H,, VD)) (X))

Indeed, H°(H,, V') has an action by Gal(H,,/H) which we can break up into isotypic parts indexed
by characters xg, with s € Z,. But of these characters, the only ones which are Hodge-Tate are
those with s € Z, so we obtain the inclusion above. _

So it suffices to show that for each j, H°(H,,V (x¢))(x;”) = 0. Tensoring the inclusion Q, —

Bgﬂ:sl by V(Xé)7 taking invariants, and then twisting the resulting filtered frobenius modules by
ng , we obtain
H°(H,, V(X%))(ng) & Deris (V)=

As an element of C, ¢ has absolute value 1. Since V' appears in the odd degree cohomology of the
Kuga-Sato variety, [KM] implies that Des(V)7=¢" vanishes and the proposition follows. O

Finally, for completeness, we explain how Proposition IX.14 is used in the proof of Proposition
VIIL.2. Let X be the (generalized) Kuga-Sato variety over H, and let T be the image of the map

HY R N(X Ty (r + k) = V = H P H(X,Qp(r + k).
Proposition IX.14 is used to infer the following fact, whose proof was left to the reader in [N3].

Proposition IX.15. The numbers #H"(H; ., T)tors are bounded as j — 0.
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Proof. From the short exact sequence
0-T—->V ->V/T -0,

we have
(V/T)% — H'(G;,T) —» H'(G;,V) - 0,

where G; = Gal(H;.,/H;.,). As HY(G;,V) is torsion-free, we see that (V/7)% maps surjectively
onto HY(G,T)tors- An element of order p® in (V/T)%i is of the form p~t for some ¢ € T not
divisible by p in 7. We then have ot —t € p®T for all 0 € G;. As V/T = (Q,/Z,)"™ for some integer
n, it suffices to show that a is bounded as we vary over all elements of (V/T)% and all j.

Suppose these a are not bounded. Then we can find a sequence t; € T such that ¢; ¢ pT" and
such that ot; —t; € p® T for all o € G, := Gal(H/Hy). Here, a(i) is a non-decreasing sequence
going to infinity with i. Since T is compact we may replace t; with a convergent subsequence, and
define ¢ = limt;. We claim that t € H°(Hy, V). Indeed, for any i we have

O’t—t:O'(t—ti)—(t—ti)+0ti—ti.

For any n > 0, we can choose i large enough so that (t —¢t;) € p"T and ot; —t; € p™T, showing that
ot = t. By Proposition IX.14, t = 0, which contradicts the fact that ¢ = lim¢; and ¢; ¢ pT. O



CHAPTER X

Complex L-functions

In the previous section we completed the proof of the p-adic Gross-Zagier formula for a weight 2r
ordinary modular form f together with an unramified Hecke character y of type (2k,0) with k < r.
Of course, one expects an archimedean version of this formula, directly generalizing the original
Gross-Zagier formula and Zhang’s higher weight formula [Z], both of which concern the case k = 0.
Zhang’s archimedean formula relates the central derivative of the complex L-function L(f,x, s) to
archimedean heights of Heegner cycles. The C-valued height pairing he uses is Beilinson’s height
pairing on homologically trivial algebraic cycles [Bei], which can be computed using the arithmetic
intersection theory of Gillet and Soulé [GS].

In the remaining two sections, we sketch a proof of the archimedean version of Theorem 1.7.
In this first section, we compute the Fourier coefficients of the modular form which represents the
linear functional f — L'4(f, x,s) on the space of newforms of weight 2k. One wishes to relate these
coefficients to height pairings roughly of the form {(¢'Y, T,,,¢'Y*>qs (see Chapter IV for the definition
of the projector €'). These pairings decompose into local heights at both finite and infinite places.
The local heights at finite places more or less agree with the our p-adic local height computations at
places away from p (Proposition VI.5). Indeed they are both computed by arithmetic intersection
theory. Moreover, these contributions are seen to match up with the first term in the expression
for the Fourier coefficient computation (see Proposition X.8). It therefore remains to compute local
heights of generalized Heegner cycles at archimedean places, which is what we do in the next and
last section. The local heights at infinity will ultimately match up with the remaining terms in the
Fourier coefficient expression.

Our computations build off the work of [GZ] on the analytic side and the approach of [Br] (and,
to a lesser degree, [Z]) for the height computations. We therefore switch our notation to match
with those papers. So for the rest of this document, we let f € Sox(T'o(IN)) be a newform and x an
unramified Hecke character of K with infinite type (2¢,0) and 0 < ¢t < k. We also set £ = 2t for
occasional notational convenience.

Let A/H be an elliptic curve (chosen as in Chapter IV) over the Hilbert class field H of K
with CM by Og. For convenience, we choose an embedding H — C so that the base change
Ac is isomorphic to C/Og. As before, we assume all primes dividing N split in K and that the
discriminant D of K is odd. Let X = Wy,_o x A% be the generalized Kuga-Sato variety, defined
over H and fibered over the modular curve X (N) parameterizing elliptic curves with full level N
structure.

For each ideal a € O, we have constructed in Chapter IV generalized Heegner cycles egeY® <
X and egeY® (with coefficients in K) sitting in fibers above Heegner points in Xo(N)(H). These
are homologically trivial cycles of codimension k + ¢ in X. For any ideal class A, define

Za=x(a)"tepeY® and Z4 = x(a) lepeY"®,

where a is any choice of integral ideal in the class A. We have extended coefficients of our Chow
groups to K(x). Like in [Z], the cycle Z4 is a formal sum ZQ Yy of identical copies of a certain
symmetrized algebraic cycle Yj in the fiber of the variety X over the point @ in X(N). The sum is

o7
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over points () in the preimage of a Heegner point on Xo(N). For A = [Ok], we just write Z and
Z. We also define ~ ~
Hm(A) = <Z + Z7 T’rn(ZA + ZA)>GS~

On the other hand, for each ideal class A € Pic(Ok) we consider the Dirichlet series

Lafon) = X (2)ar B 5o mm .

(n,ND)=1 m=1

Here, 74, (m) = >, x(a), the sum being over integral ideals in A of norm m. As usual, we write
ra(m) for r4.1(m), the number of integral ideals in A of norm m.

Following the methods of Gross and Zagier [GZ], we show that L 4(f,x,s) has analytical con-
tinuation to all of C and satisfies a functional equation when s is replaced by 2k + 2t — s. By our
assumption on the primes dividing N and on the weights of f and x, L4(f, x, s) vanishes at the cen-
tral point s = k+¢. Moreover we will show that there exists a g4 = >~ am(A)g™ € S5 (Lo (N))
representing the linear functional

k— DDt
oo CEZ2AWIDIDY )

24k—172k

4+ k),

on SEV(To(N)).
Our goal is to sketch a proof of the following result:

Theorem X.1. Set u = #O /2 as before. Then for m =1 such that (m,N) = 1 and ra(m) = 0,
we have
u?(4|D))Ftt
2k—2
(Z1)
Remark X.2. Assume for simplicity that the class number of K is 1. Then we would ultimately
like to prove

(10.1) Ypxo Yinoas = L(f,x,r + k),

where Yy, is the f-isotypic component of Z + Z = epe’Y. If one knew the modularity of the
generating series Y(Z + Z,T,,(Z + Z))as ¢™, then (10.1) would follow from Theorem X.1 via a
standard argument. Even without knowing the modularity, we can still deduce the formula (10.1)
with some extra work (much like what is done in [Z]); we will explain this in a separate paper. See
also the end of Section 11.3.

Remark X.3. We call the proof of Theorem X.1 a “sketch” because we will leave out some details of
the proof. For example we will at some point assume ¢ < k—1. The extremal case t = k—1 (where
there are the same number of Kuga-Sato factors as powers of A in the variety X)) is a more delicate
computation from an analytic point of view, and we wish to avoid technical issues of convergence
in this sketch.

Hypy(A) + Hyp(A) = (am(A) + am (A)) .

10.1 Functional equational and preliminary special value formulas

In this section we prove the functional equation and analytic continuation of L 4(f, x,s) and
compute the coefficients a,,(A) from the introduction. These computations follow [GZ, §IV] closely
and we retain the notation there. Let e¢(n) = (%) be the quadratic character attached to K and

set L) (s,¢) = 2in,N)=1 €(n)n~?, so that

La(f,x,s) = LWN)(2s — 2k — 2t + 1, ¢) Z ar(n)ra(n)n==.
n=1
If we set £ = 2t, then the theta series

04(2) = Z rAx(n)g"

n=1 TEQ

ZQ(I
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is in Sg+1(To(D),€). Here w is the number of units in Ok, a is any ideal in A and Qq(z) =
m(z)/Nm(a). By the Rankin-Selberg method, we have

I(s+2k—1) ap(n)ra( —dmny, s+2k—2
(4r)st2h—1 Z ns+2h—1 Z af(n)rax( Yy dy
n=1

n=1

= f J f(z +iy)0 1(2)(z + iy)dzy> T2+ 2dy
dxdy
s 2k
N ” Tz ' 2
To\H
Here, A is the class A~! of a. It follows that

I'(s+2k—-1
WLA(JC>X75+2]€—1) (f,042E5)ro(01) = Jf F(2)04(2)Es(2)y

Yo (M)

o dzdy
2
where M = N|D| and E,(z) is the weight (2k — 2¢ — 1) Eisenstein series
Ey(2) = Enreok—2t—1,5(2)

N e(d) y°
LW (@2s+2k—2t—1,¢) )] CEY =

FOG\FO(M)
_1 5 e(d) Y
2k—2t—1 2s”
2 o (cz + d)?k=2t=1 |cz + d|
M|c
(d,M)=1

Note that the weight of the Eisenstein series is at least 1, with equality if and only if t = k — 1. In
this case we need to be careful about convergence, as in [GZ].

We define E{' )( ) just as Es(z) but with M replaced by 1, i.e.

S

1 e(d) y
EW(2) = - :
s (2) 2 céz (cz + d)?k—2t=1 |cz + d|?s

Dic

Then ~
0(2) = Ty (0.4(2) ESY (N 2))

is a non-homolorphic modular form of weight 2k and level N such that
(10.2) (4m) "5 RFINSD (s + 2k — 1)L a(f, X, 5 + 2k — 1) = (f, ®s)

To make notation simpler, we define {1 = 2k — 2t.

Proposition X.4. Suppose v = ( Z Z > € SLy(Z) with (¢, D) = |D3| and Dy - Dy = D and
%
E£1)|f1*1 Y = €Dy (C)EDz (d(;l)él_S_EH—lEng) (z—SCd) .
1
_ €Dy (0/62)€D2 (d)XDl‘DQ (A) z+c*d
Oaler1v = T 04D, 3 .
k(D1)67 x(01) !

Here, k(Dy) is 1 or i, depending on whether D1 > 0 or Dy <0, and D is the ideal class of 01.
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Proof. The first formula follows from (2.2) in [GZ]. To prove the theta series transformation law
we follow the arguments in [GZ, IV.2.3] and assume that ¢ = d2. Setting ( = —1/¢(cz + d), we have

e (B0) < n (2 6) = T (@i +0)

S (@) Y (N F ) e(QalA + )C).

X(Cl)’w A€a/adsy HEAD2

Poisson summation for any fractional ideal b reads [T]

P i 571/2 v
DI F W (N + p)2) = AN >, e <_Ni)) e(Tr(\v)).
Hneb veb—19-1
Setting A = Nm(a), we therefore have
Oale+17 =04 <Zji§) (cz +d)~t1
o A)€+1
B wif(ﬁ;é% XE%EIDQ eC(aQa<>\)) Ueafg_lafl Vee(AN(V)C(Cz " d))e(Tr()\V))
7 d

with
Cv)= > e(aQa(N)ec(Tr(Av)).

A€a/ady

Evaluating C(v) as in [GZ], we conclude

k(D d
0.;4‘[4’17 = %6[)2 (d)XDl.D2 (A) Z (VA)fe (AN(V) (Z + ))
51 2wx(a) L :
_ _ZH(DQ) ¢ N(V)N(Dl) z + c*d
iy PP AN 2 T\ vay s
veaTl1o,
_ e, (d)xp,-0,(A) <z + c*d)
5 x@or(Dy) T\
In the last line we have used the fact that 0; = 9; in particular Dy = Dfl- 0

It follows from this proposition that

e1(N)Xxp,.p,(A z+c*d z+c*d
K(D1)x(01)6; : ! !

Next note that when & divides n, the nth coefficient of 6 45, (922) = 0 1p,(d22) is equal to the nth
coefficient of x(92)716 4(2). Thus, following [GZ, p. 276], we have

D,(2) = D"E(N2)04(2) v,

where

€D, (N)XDl'Dz (A)
_3
Dq-Do H(D1)|D1|S+£1 2

&s(2) = EPV(|Dylz),

is as is [GZ], except with weight ¢; — 1 instead of 2k — 1.
The fourier coefficients of £(z) are computed in [GZ, IV.3], giving us the following result.
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Corollary X.5. For each r € Z in the range 0 < r < k —t — 1, we have

©
d_.(z) =D Z Z en,r(Y)7 4.5 (MO — NN )e>™™*

m=0 0<n< md

where
carciea(9) = | 21,6 = M) L 0.0)| (v
o qyk—t—r 2m r—ty 4t Nny i (n —ty
o) = (D) 2 ) 2, (T )dz Al d)a?r =572
forn > 0.

For each A € Pic(Of), the completed L-function is defined to be
LA(f,x,8) = (2m) 7 N*6*T(s)0 (s — 2t) La(f, X 9)-
Theorem X.6. L¥%(f,x,s) satisfies the functional equation
La(f.x:8) = —e(N)LAG(f, X, 2k + 2t — s)
Proof. Let £5(2) = Y.,z €s(n,y)e(nx) be the Fourier expansion of £ (z), and set
e¥(n,y) = 7 °0°T (s + 2k — 2t — 1)es(n, y).
Then the functional equation follows from (10.2) and the formula
e5(n,y) = —e(N)e3_gp10—o(n,9),
which is proved in [GZ, §IV.4]. Indeed, we compute
LA(fx:8) = 7 NP6 () (f, Bs—ani1)
and so
LA(f, X, 2k + 2t — s) = o° K2 NZRTLG2RH228T (0 — ) (f, @190 5)
= —e(N)m N5 (s — 2t)(f, @s_ops1)
= —€e(N)La(f,x, 5)-

Proposition X.7. There is a non-holomorphic modular form ® € May,(To(N)) such that

22k+2t+17rk+t+1

LfA(vaakJ'_t) = (k-l—t—l)!th(f’(i))?

and the Fourier expansion of P is

= J- ranN
B = Y [ X ol md - N (5
m=c0 O<n<ml
h r’ L
+ arf(’x(m) <logy + f(u) +1log N§ — logm + 23(1, 6))

0 i 47TnNy 1—k+t 2mimz
= > oa(m)r g, (md + nN)gr—r—1 s Y ‘ '

Here,
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Next we wish to prove a version of the previous proposition, but with ) replaced by a holomor-
phic modular form of weight 2k. When k —t¢ > 1, ® satisfies the growth conditions needed to apply
holomorphic projection [GZ, IV.5.1].

Proposition X.8. Suppose k —t > 1. Then

24]{:—17.‘.2]6

LfA(f)X’k'i_t) = (2k72)!th(f’Zam(-A)qm)a

where Y. am(A)g™ is a holomorphic cusp form of weight 2k and level N with coefficients:

i 2nIN
am(A) = mk—t=1] _ Z ag(n)rﬁw(m(s — Nn)katht (1 — Tn|D|>

0<n<m2

h I r NID| L
+ Grax(m) (r(k O Eh= Ol e QL“’E))

_ i UA(n)rAX(m(S +nN)Qp ¢ (1 + jjg)} .

n=1
Here we have defined

i) = g () 1= (= 1%

2m . (m + 2t)!

o 22t dw
Z =
Qral2) J-_OO (z + V22 — Tcoshw)k=t(z + 1 + V22 — Tew)2t

Proof. The proof is as in [GZ, Theorem IV.5.8], so we will not go through the details. Instead of
using the identity in the second equation on [GZ, p. 293], one uses Lemma II1.4. O

Remark X.9. Extra care needs to be taken when performing holomorphic projection in the case
t = k— 1. This is the source of serious complications in the weight 2 case (i.e. k =1, ¢t = 0) of [GZ,
IV.6]. We will not go into the details here and will assume ¢ < k—1 for the remainder of the paper.



CHAPTER XI

Archimedean Heights

In this chapter we compute the local heights of generalized Heegner cycles at the infinite places
of H. In the last section, we relate these heights to the Fourier coefficients computed in the previous
section and finish the proof of Theorem X.1. We also deduce an archimedean version of Theorem
1.7, under the assumption that a certain geometrically defined g-expansion is a modular form.

11.1 Generalities on height pairings

Let X be a smooth projective variety of dimension n over a number field F. Beilinson and
Gillet-Soulé define a global height pairing

(,das : CH/(X)g x CH" ™' 7(X)g - R

between homologically trivial algebraic cycles (modulo rational equivalence) of arithmetically com-
plementary codimensions. This pairing decomposes into a sum of local heights

Goas = 200 s

where the sum is over all places of F, including the archimedean ones.! The local heights are only
defined for algebraic cycles with disjoint support, so one may need to use the moving lemma for the
decomposition above to make sense. There are several ways to define these local height pairings;
we refer to [Bei], [GS], [M], and [Z] for details.

Remark XI.1. The global height pairing is actually defined on a group a priori smaller than
CH’(X)o, though conjecturally they should coincide [Bei, Remark 4.0.1]. It will not matter for
our purposes, as generalized Heegner cycles are contained in both groups.

In our situation, X = Wai_o x Af is fibered over the curve X (N), and the generalized Heegner
cycles, whose height we wish to compute, are finite formal sums Y. Z; of cycles Z; supported in the
fiber of g : X — X (V) over points z; € X(N). These Z; are of codimension k + ¢ on the 2k + 2t — 1
dimensional variety X, so they are of middle arithmetic dimension and can be paired against each
other. Brylinski [Br] gives a formula for the local height pairings {, ), of such fibral cycles, in terms
of local systems. For the finite places v, he uses the p-adic local systems R?**2t=2g,Q,(k +t — 1)
for a prime p such that v { p (and with appropriate adjustments at the cusp). His formula is exactly
the same as our formula in Proposition 6.1, for the p-adic heights at places v not above p (but with
log replacing log,,). Indeed he proves that the local height can be described in terms of intersection
theory on the arithmetic surface X (N)z and geometric intersection on the special fiber of g=1(x;).2

LOur notation for local heights unfortunately does not distinguish between p-adic and archimedean versions. This
should not cause too much confusion, especially because there is no archimedean component to the p-adic height.
Moreover, at finite places v not above p, the p-adic and archimedean heights are in some sense “the same” (see
below).

2In fact, Nekovai’s proof of Proposition 6.1 is based in part off the proof in [Br].
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For archimedean v, Brylinski gives an analogous formula for the local height {, ), in terms of the
local system R2*+2=25. Q(k+t—1) over X (N)¢ (from now on, we view all varieties and maps over
C). More specifically, the cycles Z; determine Hodge classes v; in H2¥+2=2( X, Q), where X; is the
fiber of g above z;. This Betti cohomology group is the fiber at z; of R?**2=2, Q(k +t —1). The
latter local system is in fact a polarized variation of Hodge structures of weight 0; the polarization
comes from the cup product in each fiber (note that algebraic cycles in the same fiber are now of
complementary codimension in the geometric sense).

In fact, Brylinski defines height pairings attached to any polarized variation of Hodge structures
over a smooth complex curve C*. He even allows degenerating variation of Hodge structures, which
we will need to handle the cusps on X (V). To state this properly, let V' be a Q-local system on
a smooth curve C*, underlying a polarized variation of Hodge structures (¥, FP¥") of weight 0.
There is a canonical way to extend ¥ to a vector bundle ¥ on the compactification C' of C* (i.e.
it is characterized by certain properties) [Br, §1].

Definition XI.2. A Hodge vector v, at z € C* is an element v, € V, which belongs to F¥;, (so
of type (0,0)). The group of Hodge vectors at z is written Hdg(V),.

Definition XI.3. A Hodge cycle is an element of Hdg(V) := @ ecx Hdg(V),.

Remark XI.4. Brylinski defines Hodge vectors for any x € C, but we will not bother, as our
generalized Heegner cycles avoid the cusps.

To define Brylinski’s height pairing, we need the notion of a Green’s kernel attached to V. Let
us write %o g for the C* vector bundle of sections of ¥ which are real and of type (0,0). Also write
p1,p2 for the projections C' x C' — C.

Proposition XI.5 ([Br]). If V has no non-zero global sections, then there exists a unique C*-
section G of Hom(pl_l”I/(LR,pQ_l%R) over the complement of the diagonal Ac in C x C such that

1. (G =0, where [y is the Laplacian [] attached to V in the second variable.

2. G(z,y) —log|z(x) — z(y)
C near a.

is bounded near any point (a,a) of Ac, if z is a local coordinate on

The section G is called the Green’s kernel for V on C. Brylinski then defines a height pairing
(v1,v2 ypy for any pair v; = Y v1, and vg = >, s, € Hdg(V) of Hodge cycles with disjoint

support as:
(w1, v9)mr = D (G(,) (v1,2), v2y)-
T,y

Here, the pairing (, ) is the given polarization in the fiber of % r at y.
The following result states that we may use Brylinski’s pairing to compute Beilinson’s archimedean
local height when the two cycles are in distinct fibers of a map to a curve:

Theorem XI.6. Suppose X is a complex variety of dimension 2n+1 and we are given a projective
morphism § : X — C which restricts to a smooth map g : §~1(C*) — C*. Suppose Z1 and Zy are
homologically trivial cycles on X of codimension n + 1, supported in disjoint non-cuspidal fibers of
g. Also suppose X,C, Z; are defined over a number field F with a given embedding v : F — C.
Then

<Zla Z2>U = <U17 UQ>BT7

where vy and vy are the corresponding Hodge cycles in the stalks of V = R?"g,Q(n). Here, the
Brylinski pairing is with respect to the polarization on V which is the cup product pairing on each
fiber.

Proof. A proof is sketched at the very end of [Br]. O
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11.2 Local heights at infinity for generalized Heegner cycles

Let us return to our situation, where X = Wy o x A% and § : X — X (N) is the usual
map. Write X0 = g71(Y(N)) and write g : X° — Y (V) for the restriction. We wish to pair the
generalized Heegner cycles defined in Chapter IV, so we consider the local system

W = Sym?* 2R' £, Q(k — 1) ® r H? (A%, Q)(t),

where f: £ - Y(N) is the universal elliptic curve and where ky is the projector defined in Chapter
IV. The factor xoH?'(A% Q)(t) is a constant local system, with Hodge structure of weight 0 and
type (t,—t) + (—t,t). As W is a summand of R%*+2¢=25,Q(k + t — 1), it inherits the structure of
polarized variation of Hodge structures and we may use Theorem XI.6 to compute local heights of
generalized Heegner cycles using the Green’s kernel attached to W.

This was done by Brylinski himself for classical Heegner cycles, i.e. when ¢t = 0 [Br, §3]. We
will build on his computations, so we begin by recalling notation. Let £ = R2 be the standard
representation of G = GLg(R)*, with basis u; and us. Let K = C* be the stabilizer of ¢ in G
acting on the upper half plane h. Then & = G x¥ E. is a G-equivariant vector bundle on b.
The holomorphic subbundle .#'& is generated by the holomorphic section zu; + uy, where z is
a coordinate on h. E is polarized by the skew symmetric form (, ) : E x E — R(—1) such that
(u1,ug) = —1/2mi. The associated hermitian form satisfies

(zuy + ug, zuy + ug) = 2y

(zug + ug, Zug +ugy =0
<5’Uq + u2, zuy + UQ> = 2y,

where as usual z = z + iy. Recall that zu; + ug € &80 and zuy + up € EX1.

The usual local system for weight 2k modular forms on Y (N) is obtained by considering the
representation V, = Sym®”(E)(p) of G, where p = k — 1. The corresponding polarized variation of
Hodge structures on b is %, = Sym®”(&)(p), and is pure of weight 0. The sections

(2;0) 1/2
(Qy)?’w < (zuy + u2)" (Zug + usg)
for 0 < n < 2p form a C™-basis of ¥, and each v, is of pure type (—p + n,p — n). Moreover, this
basis is orthonormal with respect to the Hermitian pairing on ¥}, obtained from the pairing (, ) on
FE in the usual way.

Recall that to define the cycle egeY in Chapter IV, we chose a Heegner point corresponding to
the elliptic curve A. We fix a value 7y € b corresponding to this chosen Heegner point on Xo (V).
Denote by R? the trivial two dimensional representation of G with basis {e1,e2}. Then we can
realize the constant Hodge structure ko H?'(A?!, Q)(¢) as coming from the G-representation R? and
we can suggestively write a basis of sections as

Uy = 2p—mn

1

ey "

(?061 + 62)2t

1 2t
= ———(m9e1 + ¢
M2t (2y0)t(2m)t( 0€1 2)
of type (—t,t) and (t,—t) respectively. Moreover, this basis is again orthonormal with respect to
the Hermitian pairing coming from the polarization on W.
Let # = #,. be the polarized variation of structure associated to V,, ® R?, so that W is its
underlying local system. The sections

)

Wp, j = Un @:uj
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with 0 < n < 2pand j = 0,2t, form a basis of #'. Each w,, ; is pure of type (—p—t+n+j, p+t—n—j).
The C*-subbundle #j r of real (0,0)-vectors has rank 2, with basis w,1¢0 and wp_; 2,. One sees
from the definitions of the projectors (see Chapter IV and also Lemma XI.19 below) that the Abel-
Jacobi image of the cycle €Y can be identified with a section in the fiber %7, which is a multiple of
Wp—t,2¢. Similarly, the Abel-Jacobi image of €Y is a multiple of wp 0.

The vector bundle %, ; is endowed with a Gauss-Manin connection D. To compute heights of
generalized Heegner cycles, we must first find a Green’s kernel, i.e. a sufficiently nice function G on
h x b which is harmonic with respect to the Laplacian [Jp = 2[Jps acting on the second variable.
The following lemma identifies the restriction of the Laplacian operator [Jp: to the vectors of type
(0,0).

Lemma XI1.7. Let F be a C* function on b. Set w™ =y~ ' wp_y 2 and w™ = y* - wpiy 0. Then
+ 1 — 0 +
Op (F-wt) = 3 A+(kit—1)(k+t)i4zty$ F-w*,
z

where the + signs should be taken consistently, and where A = 74y2% is the usual Laplacian.?
Proof. First consider w™. Recall the decomposition [Br, §3]
Ol = 00% + 0%+ V' ()" + (¥)* 7.
As 0* and (?’)* kill 0-forms, we have
Op (Fw™) = (8% 0 + (V)" V') (Fw™).

If K = (4mi)P (2p)_1/2, then

n

oF
KO(Fw™) = gy*pft(zul + ug)P T (Zuy + u2)Pdz @ puoy
t
— ]%Fy_p_t_l(zul + uQ)p_t(éul + uz)p”dz ® pot
)

+(p—t)Fy P 'uy (zuy + ug)p_t_l(éul + u2)Pdz ® pos.

Since u; = (2iy) "' (2u1 + ug — (Zu1 + u2)), we obtain by taking the (0,0) component:

O(Fw™) = a—Fdz®w_ — iFdz@w_.
Yy

0z
Recall that by definition 0* = — % 0%, where * is the Hodge #-operator. We recall how to
compute the Hodge =-operator with respect to a metric g, and for a general basis ey, -+ ,e,. If

gij = {ei, e;), then

o', 46 (giaiy)

*:eil/\---/\eikH;(—l) Totg ejp N Ae
the sum varying over sets J' of complementary length to the initial indexing set I = {iy,- - ,ix}, and

I’ = [n] — J’. To compute the Hodge *-operator in our situation, we use the usual Poincaré metric
on b for which {dx,dz) = y? = (dy,dy). So we have =dx = dy, *dy = —dz, and *(dx A dy) = y*.

3Note that there is a sign error in the statement of [Br, Lemma 3.2], which is the special case t = 0.
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We can now compute

o* <aafdz®w_) = —*é*g—jdz(@w_

_O0F , _
— % 85(—2612) ® w
0*F

o LT
0z0%
2

dZ Adz@w™

=1

F _
62(3zdx Ady®w

O2F
—22 .
Y oz0: v

= 2%«

We have tacitly used the fact that (w,—¢ 24, Wp—y2¢) = 1. Similarly,

t -t
o* <Fdzw) =—%0x —FdzQuw™
iy iy

*5’£Fdz Rw™
Y

oF _, iF\ _
*t (azy — 2y2) dzdz @ w

= <2ityaa}; +tF> cw”.

On the other hand, we also have:

(V) V) (Fw™) = (V)" (wp;i Ly Pt Gy 4+ ug)P ) (2u + ug)PH Az @ M)

+t
= —xV =% (,‘{Fp?y_p_t_l(zul + u2)p_t+1(5u1 + u2)p+t_1d2 ® ,U2t)
1

LV KF(p + t)y_p_t_l
2

F t)p—t+1
= — % K (p +2()2(22;> + )y’p’t’1(2u1 + UQ)pit(Eul + Ug)p+td2d2® Mot

1
= §/£F(p + 1) (p—t+ D)y P (zug + u2)P  (Zuy + uo)P T @ paoy

(zuy + u2)?P " (Zuy 4 up)P T dE @ oy

=%F(p+t)(p—t+1)-w7.

The incorrect sign in [Br, Lemma 3.2] presumably comes from a misapplication of the formula
V'(as) = (—1)Pa A V(s), if a is a p-form and s is a section of the vector bundle. Putting everything
together proves the lemma for w™. The result for w™ follows by a similar computation, replacing
t with —t in the appropriate places. O

Now let z = x + iy and 2’ = 2’ + iy’ be parameters on h x h and define
712
N o, (14 F=F
9(z,2") Q. ( A

where Q+(2) is as in Proposition X.8. We also define

)=o) (57
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4 ¢
,LLJF(ZaZ/) = g(zwzl) (22,Ly‘/Z ) :

As g(z,7) is a function of the hyperbolic distance between z and 2, it is invariant under SLy(R).
A quick computation then shows that

p(yz,v2) = (2,2)j(v, 2) 55 (v, 2)

phyze') = pt(z2)i(v2) " (L )"
for 4 € SLy(R) and where j(v,2) = cz + d, as usual. On the other hand, the sections w® are
themselves not SLo(R)-invariant, but instead satisfy

(11.2) w”(y2) = j(v,2) (v - w™ ()

wt(v2) = j(v,2) (v - w7 (2)).
It follows that the section

of the vector bundle - -
Hom(p; ' %o &, Py * #o.r)

on h* x b* is invariant under the diagonal action of SLo(R). Here, # is the canonical extension of
W = W, to the compactification h* and the p; are the projection maps. Therefore

Gion(2) = Y, 1t (z97) - [wh(z) = wh(72))]
YeL(N)

each descend to a section of the descended bundle Hom(p; ' #4 g, py * #o ) on X(N) x X(N) (as-
suming they converge). We define

Gran(2,2) =Gy n(2,2) + G y(2,2).

We wish to show that G(z,2') := Gp..n(z,2") is a Green’s kernel for the variation of Hodge
structure #},; on X (N) and hence can be used to compute the local height pairing of Hodge cycles
in different fibers. Specifically, if w; and wy are two sections of 7/_07]@ at points z; and 29 of X(N),
then the local height pairing (wy,ws), (at an infinite place v of H) is given by

(11.3) (G(21,22)(w1), w2),,

where (, )., is the Hermitian pairing from before on the fiber above 29.* Recall from Proposition
XIL.5 that the Green’s kernel is characterized as the section of the rank 4 vector bundle

Hom(py %o r, p3  #or)

on X(N) x X(N), which is killed by the Laplacian [Jp acting on the second variable and which
has logarithmic poles along the diagonal. Thus, by Lemma XI.7, we want to show that for both
choices of sign, G*(z,2'), as a function in the second variable, is an eigenfunction for the weight
+/¢ Laplacian

Aig =A+ 2i€y§,
4

with eigenvalue —(k +¢ — 1)(k F ¢).

4The Hermitian pairing agrees with the pairing (, ) when both are restricted to real vectors of type (0,0). We
consider the Hermitian extension of this pairing because the projectors € and € do not preserve the space of real
vectors of type (0,0), and also to handle scalars such as x(a).
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Remark XI.8. Unlike A, the operators A are not SLy(R) invariant. But to check that G*(z, 2) is
an eigenfunction for A, it still suffices to check that u*(z,z’) is an eigenfunction with eigenvalue
independent of z. Indeed, simply use the fact that we may also write G*(z,2') = Zv pt(vyz, 2') -
[w® (y2) = w* ()]

We will need a few facts from the theory of special functions; a general reference is [BE1, BE2].
First we recall the usual hypergeometric function (for |z| < 1 and ¢ > 0)

0
F(a,b,c;2) = Z 7)
where

1 n=20
(a)n_{a(a+l)---(a+n—1) n>0

is the rising Pochhammer symbol. The hypergeometric function satisfied various transformation
laws which will be useful for us. For example, there is Euler’s transformation law

(11.4) F(a,b,c;2) = (1 —2) " F(c —a,c—b,c;2).

and the Pfaff transformation

(11.5) F(a,b,c;z) = (1 —2)"°F (b,c—a,c; zj1> .

Our interest in hypergeometric functions stems from the fact that they are solutions to second
order differential equations. A special family of hypergeometric functions called Jacobi functions
of the second kind (depending on parameters n, « and ) are defined as follows:

Q@) =
2t et SP(n +a+ DI(n+ B+ 1)
F'2n+a+p+2)(x—1)ntotl(z +

2
1)6F(n+l,n+a+1,2n+a+5+2;H)_

The function Q%Q’B ) is a solution to the differential equation
(11.6) Q-2 +[B—a—(a+B+2)z]y +nn+a+B+1)y=0,

and has the following integral representation [BE2, p. 172]:

(11.7) QA (z) = - fl L+ w)" (1 —w)"tdu
G P ), @—w

In the special case where a = 8 = 0, the function Q,(&Ol) is a Legendre function of the second

kind, from which the Green’s kernel for intersections of classical Heegner cycles of “weight” 2k is

constructed [GZ, Z]. It is very natural then that our candidate Green’s kernel Gy n(z,2') for

the intersection of generalized Heegner cycles of “weight” (2k,2t) is in fact built out of the Jacobi

functions Q;O_’it_)l, as the next lemma shows.

Lemma XI1.9. We have Q. () = ZQ,(CO_?_)l(z) and so

Qr.i(2) = Al _Ft()zrk()kﬂ) (zf 1>“ (zi 1>2tF (k—t,k—t,%,liz).

Proof. Tt is not hard (cf. [GZ, p. 293]) to rewrite Q .(z) as

Quit(2) = ok-+t JOO vty
’ 0 (+ Dz —1) +z+1)""
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and via the change of variable v = %’L—" we eventually get

gt—k+1 Pt w) 1wt
. (z — w)Ftt :

(aﬁﬂ)

Using the integral representation (11.7) for , this is equal to

2K+1

A7)

Applying Euler’s transformation law (11.4) to the hypergeometric definition of Q

that the latter is equal to 2Qk0 Qtt 1(2), as desired.

Corollary XI.10. Qy (%) satisfies the differential equation

1-2)Q"(2)+ [l — (£ +2)2]Q(2) + (k—t—1)(k+1)Q(2) = 0.

Proof. Use (11.6).

Proposition XI.11. For each fived z € by, the function u*(z,z') satisfies (as a function of 2')

Aif(:u(zvzl)) = )‘i '/‘i('zvzl)7

with \* = —(k £t —1)(k F ).

we find

O

Proof. This is a long computation, which ultimately boils down to Corollary XI.10. For the reader

wishing to verify this on his or her own, we record the useful formulas: if s =1 +

and

Next we address the convergence of the functions G*(z, 2’) defined earlier.

Proposition XI.12. For all integers 0 <t < k — 1, the sums

Giron(z2) = D it (2,97 - [wh(2) = wt(72)]

~el’

converges uniformly on compact subsets of h> — {(z,2') : z € T'2'}.

Proof. The proof is similar to [H, Prop. 6.2].

O

It follows from Proposition XI.11, that G*(z, ) is an eigenfunction for the weight +¢ Laplacian
A_, with eigenvalue —(k £ ¢ — 1)(k F¢). To prove that G(z, z') is the Green’s kernel attached to
W,+, it remains to understand its behavior along the diagonal of Y(N) x Y(N) and also at the

cusps. In this direction, we have the following lemmas.

Lemma XI1.13. As the real parameter s — 1 from above,

Qr.i(s) = —log(s — 1) + O(1).
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Proof. We have the well known asymptotic

F(a,b,a+b,s) =— 1—-s)+0(1),

1
Blap) 8l

where B(a,b) = FF(ZEIES), and where s is approaching 1 from below. Then as s — 1 from above,

26t B(k —t, k + 1) 2
Q(S) = (8_1)]6715(1 S)2tF(k_t7]€_t,2k,1_s>

WHBk—t,k+1) [(s—1\"" 2
= : Fk—tk+t2k ——
(s — 1)k—t(s+1)2 (5+1) ( SR ’1+s>

__logg ) (1)

= —log(s— 1)+ O(1),

where we have used (11.5) in the second equality. O
Corollary XI.14. G,ft n(z.2") =log|z — 2'|> + O(1) as 2’ approaches z.

Proof. We should clarify what this even means, as Gy ¢ n(z,2’) is a section of the vector bundle
Hom(p1 7/0 R, Dy 2 R), not a scalar quantity. But by choosing the sections w¥, we have trivialized
this bundle, so the statement of the corollary should be taken to mean

(1 (2,2") —log |z = ') - [w* (2) = w* ()]

is bounded as z — 2. This follows from the previous lemma and the fact that lim,/_,,(Z — 2’)

o

—21y.
Next we analyze the behavior of the Green’s kernel at the cusps.
Proposition XI.15. For z in a neighborhood of a cusp yoo, the function
Im(y2)P'G(z, 2)
is C™.
Proof. We omit the proof, which is rather technical. One can proceed as in [H, §6]. O

It follows from Propositions XI.11, XI.14, and XI.15 that G(z,z’) satisfies all the properties
characterizing the Green’s kernel. By the formalism in [Br, §2], we conclude:

Theorem XI.16. Write z1 = x1 + iy1 and zo = xo + iys. Then for z1 ¢ T'(IN)za, the local
archimedean height pairing at infinity is given by

1

(W™ (21), w™ (22))Br = (2iy112)¢

Z 9(z1,72) (21 = 722) 5 (7, 22)".
YET(N)

<w+<zl>,w+<22>>3r:@ ST glen,v2) (21 — 122)5 (7, 7)Y

veT(N)

|z — 2|2
g(z’z/) = Q. (1 + W .

Proof. Now that we have identified the Green’s kernel, this follows from equation (11.3) and the
fact that (w™(22),w ™ (22))z, = 952" = ya ', while (w™ (22), w* (22))z, = Y. =

where
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To compute heights of generalized Heegner cycles in the corresponding local system on X (V)
instead of X (), we will follow [Z] and identify our generalized Heegner cycles Z4 and Z4 at a
point P € Xo(N) with the sum of the same cohomology class over the preimages @ € X(N) of P
(this is the purpose of the projector ep in the definition of the classes Z4 and Z 4 at the beginning
of Chapter X). In fact, we can define the local height pairing in the same way for Xo(N) simply
by summing over I'g(N) instead of I'(N) above. Also, as all of our vector bundles come equipped
with a GLa(R)-action, it makes sense to apply Hecke operators to sections such as w*. This action
agrees with the geometric action of Hecke operators on algebraic cycles, defined in Chapter IV.

Proposition XI1.17. Assume m = 1 and Let z1, z5 be points of h such that the zy and T,,z2 have
disjoint support on Xo(N). Then

(W™ (21), Tyw <zQ>>Br:m ZR] 921, 722) (31 — 722)"5(7, 22),
det y=m
W), T (2D = o ST glensyza) (21— 722) G (22,
(29) i
det y=m

where Ry = <J\%Z %) andp=Fk—1.

Proof. We prove only the first formula as the proof of the second is similar. Let the variable o
range through a set of representatives of T'(IV)\Ry of determinant m, and let 77 range through a
set of representatives of I'. Then v = 7772 ranges through the set of elements in Ry of determinant
m. Then we compute:

{w™(z1), me_(Zg)>Br = Z<w_(z1),’yg . w_(zQ)>Br

B g,

72,22)
= mpHZ] ’72,52)7 (w(21), w(v222))p,
Y2
. — — 1 = y
= mp+t23(727 Z2) ‘ ’ 29(21,722)(21 - 722)%(717’7222)@

= (2iy2Im(7222))" <
mp+t

1
Z] 25 22 729 21,722) (21 = 722) 5 (0, 7222)°

(2iy1y2)im? (2iy112)*

mpPt .
WZQ z21,722) (71 — ’YZZ) (%22)Z-

O

Now we specialize to the case where z; = 71 and 29 = 75 correspond to Heegner points on Xy (V)
with CM by Ok. Recall from [GZ, §2] that Z + 7,Z = a; ' for some Og-ideal a; ¢ Og. If A; > 0
and B; are integers such that 7; = *B J”ﬁ , then A; = Nm(a;). We have already fixed a Heegner
point 79 € h corresponding to our ch01ce of CM elliptic curve A isomorphic to C/Ok over C. To
simplify computations, we choose 15 = %f, so that the corresponding lattice ag is Ok (one can
check that the results do not depend on this choice).

Note that if 7 € b is a Heegner point, and a, the corresponding lattice, then a,, = j(v,7)a,, for
v € SLa(Z). By (11.2), x(a,;) " tw™(7) and x(a,)w™ () descend to well-defined cohomology classes
in the fiber above the corresponding point of X (N) and hence a class in the local system on X (V)
and Xo(NV) as well.
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Proposition XI1.18. Let 71,72 € Xo(N) be two Heegner points as above and suppose 11 and Ty, To
are disjoint on Xo(N). Then

w (1) ,, w(72) ~ (=p2fmrt
< o) ™ X(aa) > L

x(aiaz) 2 9(r1,ym)a(v, 1, m),
YERY}

wi(n) . wh(n) > (-Df2fmrt ‘
7T = X(a1a2) g(Tl,’YTQ)OZ(’Y,?h?Q) )
<y%t><(a1) "ys'x(a2) / g, D M%V

where a(y,T1,72) = T2 + dT —at, — b and RY = {v € Ry : dety = m}.

Proof. This follows from the previous proposition. Note that 31 = 1/|D]/24; and y; = vV D/2As,.
Also x(d;)x(a:) = x(Nm(a;)) = Nm(a;)* = Af. O

Lemma XI.19. For 7 = x + iy € b, let A, be the elliptic curve C/a;t. Then the class of the
generalized Heegner cycle €Y% in eHan ¥ (AZF=2 x A% C) is

2=t /ID]""
i%@é cw™ (7).
(pft)

Proof. Set a = a,. The generalized Heegner cycle is constructed from graphs of isogenies. We may
work factor by factor and compute the cycle class of the (adjusted) graph of the isogeny VD on
A, x A, and the graph of ¢ = éa A, = A > Aon A, x A. This is the de Rham analogue of
the p-adic computations we did in Section 4.4, so we will use the notation X /5 and Xi 4 = X,
for the adjusted graphs (recall that X, is the projection of the graph of the ¢ onto the orthogonal
complement of the horizontal and vertical fibers, i.e. onto H ' H 1).

Recall that if C' < A® x A is an algebraic cycle, then its de Rham cohomology class is represented

by a differential form w satisfying
[
c Asx A

for all n € H3;(A® x A,C). In the case of X4, one computes that its cycle class is represented by
the differential form

Nm(a)

2iy0
where dz; is the pullback of the usual holomorphic differential form on C/cf1 = A, and dz is
the differential form on A = C/Og. The factor of Nm(a) comes from the fact that the dual of
¢q : C/Ox — C/a~! is given by the map C/a~! — C/Og which is multiplication by Nm(a) on the
underlying complex vector spaces. Note also | 4 dzdz = —2iyy. The effect of the projector € is to
kill the dz, terms.
Similarly, one finds that the class of X b on A x A is

D]
2y
Note that the effect of the projector € on these purely Kuga-Sato components was to force the cycle

to lie in Sym?H' (A, ), which is why we look at X /5 and not simply the graph of VD.
The differential form dz on C/a~! = C/(Z + 77Z) is given by Tu; + ug and dZ is Tuj + uz. So
each of the 2t factors of the form eX, contribute

(ledZQ — d21d22),

ledZQ + déleQ).

_Nm(a)(Qiyo)_l(’ful + ’LLQ)(T()el + 62)

to the class of €Y and each of the p — ¢ factors of X /5 contribute

VD
Y

(Tug + u2)(Tuy + ug).

Now just compare these computations with the definition of w™ (7) =y "wp_¢ 2¢(7). O
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For any ideal class A, recall from the prev1ous section that we write Z4 and Z4 for the gen-
eralized Heegner cycles x(a) legeY® and x(a) lepeY®. When A = [Ok], we just write Z or Z.
Since yy = \/E/Z, the previous lemma and proposition show that

(4m|D[)P~*

(118) <ZA1aT’mZ-A2>Br = Dt( Q_pt)
P

x(@as) Y, g(r,ym)aly, m,7)"
YERY}

(4m|D|)P~1 _ o
1))5'72236(“1“2) Z g<7-17,772)a(777-177-2)e7
(p—t) YERY}

(Zar, TnZao)p, =

for 71 and 75 such that [a,,] = A;.

Now let (, Joo = 25155, )v be the sum of the local heights on X = W x A’ over all the infinite
places v of H. In other words, {, ), is the pairing {, )g, applied to the base change X,/C of X to
C using the embedding H — C corresponding to v (we are using Theorem XI.6 here). We extend
these height pairings to algebraic cycles with coefficients in Q(x), the field generated by the values
of x.

The next result gives the final expression for the local heights at infinity.

Proposition XI.20. Let A be an ideal class in K and assume r4(m) = 0. Then

(4m|D| Pt & 2nN
<Z, TmZA>OO = 7 AU )2 nzzll O'_A T-AX m|D| + nN)Qk e( 1+ m ’
7 7 (4m\D\ Pt o 2nN
<2332:71£ZJ4>OO = :g; 7:A X THWID‘ +‘7l]\f)cgk t 4— ;;{TjjT s

and _ _
(Z.TwZa), =0={Z,TnZa),

Remark XI1.21. Notice that r g, appears in the first formula, whereas r 4, appears in the second.

Proof. As usual, the assumption r4(m) = 0 implies that Z and T,,Z4 are supported on fibers
above a disjoint set of points of X(N). The final equation follows from the fact that w™ and w*
are orthogonal to each other. We next prove the first formula and omit a proof of the second, as it
is similar.

One difficulty here is that X = W x A’ is defined only over H, so the complex varieties X, will
be non-isomorphic as v ranges over the archimedean places of H. We could redo the computations
on the new variety (where we would have to replace the base point 79 by a Galois conjugate).
Alternatively, one can show (similar to the proof of Lemma IV.11) that

(11~9) <Z7 TmZA>v = <ZBmiZBA>Br7

where B is the ideal class corresponding to v (i.e. B is the class of the lattice attached to the base
change A, of A to C). Since the archimedean places of H are in bijection with the class group,
the proposition now follows from (11.8), (11.9), and the proof of [GZ, 11.3.17, IV.4.6]. Note that
our a7, T,Te) = ¢T1Ta + dTy — ate — b is not the same as the « defined in [GZ, 11.3.6], but they
have the same norm; their « is just a(v, 72, 71). Further note that a(vy, 71, 72) is an element of a=!,
where a = a;ay, as in [GZ], and the value of g(71,y72) depends only on the norm of a(y, 7, 72).
Since [a] = A, we have
TA,x(j) = X(a) Z x€7
zea !
Nm(z)=j/Nm(a)

which explains the appearance of r 4 , in the sum. O
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11.3 Sketch of proof of Theorem X.1
Following [GZ] and [Z], we might expect for any m prime to N a formula of the form
(11.10) (Z+Z, To(Za+ Za) Yas = am(A),

where a,,(A) is the Fourier coefficient from Proposition X.8. This formula would ideally hold for
any m with (m,N) = 1 and A such that r4(m) = 0. The constant implicit in the notation =
should be independent of m and A.

We break up the height pairing above into four different terms, each of which can be decomposed
into a sum of local heights. For example, we have

<Z7 TmZA>GS = <Z, TmZ.A>ﬁn + <27 TmZ.A>007

where we have decomposed into the sum of local heights at finite places and the sum of local heights
at infinity.
By Proposition X.8

2nN
am(A) = n)r g, (mé — Nn)Hy ¢ 1t<1 n >

m|D|

(Mo +nN)Qp ¢ < 27|lg|) )

0<n< s
0

Write
am(A) = al (A) + a2, (A),

where al, (A) is the sum with Hy_;_1; and a2 (A) is the sum with Q.
By Proposition XI.20, we have

u?(4|D|)P~t
(11.11) (Z,TnZa)s = lma%(A)-
p—t
Similarly, we have
_ _ u?(4|D|)P~* -
(11.12) (2, TmZa)w = Mafn(fl)-
p—t

Note that it is A in the right hand side and not A.

On the other hand, {Z, T, Z 4)an can be computed exactly as in Chapter VI, since local heights
at places above ¢ not equal to p (for the p-adic heights) or oo (for the archimedean heights) are
determined by intersection on the special fiber. One sees from a calculation entirely similar to
Proposition VI.5 that

~ w4 D)Pt g g
<27 TmZA>ﬁn = Wam(A)
p—t
(Note that there is a notation clash here: the function o 4(n) in VI.5 is the p-adic analogue of what
is called 0’4 (n) above.) Similarly,

w?(4|D]
CHER

p—t

<Z7 TmZ_A>ﬁn = a}n (.A)

One can either compute this directly as before, or note that
<Z’ TmZA>ﬁn = <TmZ’ ZA>ﬁn

={Z,TmZ 54,
=al (A).
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The first equality here is proved much as in Lemma IV.11.

Finally, the terms {Z, Ty, Z A w0, {Z, T Z A0, {Z, T Z A)fin, and (Z, T, Z A Yfin are immediately
seen to vanish by orthogonality. For the heights at infinity, this is Proposition XI.20. For the heights
at the finite primes, this is ultimately because the cup product pairing on H!(A) is alternating (see
the proof of Proposition VL.5).

Recall we defined H,,(A) = (Z + Z, T;n(Za + Z4) )as. From the four equations above, we
cannot expect (11.10) to hold unless A = A. In general, we can only hope for:

(11.13) Hyp(A) + Hp(A) = am(A) + am(A),

which is the desired equality in Theorem X.1. And indeed, this follows from the four formulas above
applied to both A and A.

Equation (11.13) is already remarkable in that it relates archimedean heights of generalized
Heegner cycles to Fourier coefficients of a certain modular form encoding the central derivatives of
Rankin-Selberg L-functions. As was indicated earlier, if we assume that the generating series

Fa+Fgi= Y (Hu(A) + Hp(A))g™

m=1

is a modular form of weight 2%k and level N, then one deduces that F 4 + F 51 equals g4 + g4, up
to addition of an old form (recall, g4 = ] am(A)¢g™). This follows by a lemma of Nekovai [N3,
I1.5.7], which says that knowing the mth Fourier coefficients of a modular form for all m (prime to
N) such that r4(m) = 0 in fact determines the modular form up to the addition of an old form.
From the equality of these modular forms, one deduces (similar to the argument in [GZ], though
there is a bit more work to do in our setting) a formula relating L'(f, x,k +t) = > 4 L'y (f, x, k +1)
to the height of the f-isotypic component of the algebraic cycle . ,(Z4 + Z4).

Unfortunately, it is not known (at least to us) that the generating series above is modular. To
unconditionally prove the desired formula

(11.14) L'(f,x. k+t) = <Z(ZA+ZA)72(ZA+ZA)> ;
A A

GS

one can instead follow the approach of [Z] in the case ¢ = 0. This requires proving the equality
(11.13) in the more delicate situation where Z and T, Z4 have intersecting supports (i.e., the case
ra(m) # 0, but m still prime to N). One then needs to compare the Hecke action on the space
of generalized Heegner cycles with the usual Hecke action on the space of modular forms. Zhang’s
approach for computing self-intersections fits nicely into the framework of Brylinski that we have
used here, so we can use this approach in our situation as well. We plan to explain this in detail
and complete the proof of (11.14) in a separate paper.
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